
Foundations of Financial Economics 2017/18
Problem set 5

Paulo Brito

11.5.2018

1 Extensions to the 2 period model

1.1 Heterogeneous agents

1. Consider an Arrow-Debreu economy with two periods and two states of nature for the last
period. There are two agents in the economy who are heterogeneous as regards the subjective
probabilities associated to the two states of nature and are homogeneous as regards preferences
and endowments. The problem for agent i = 1, 2 is to maximise the intertemporal utility
functional

Ei

[
1∑
t=0

βt ln (cit)

]
subject to the constraint ci0 + q1c

i
11 + q2c

i
12 = y0 + q1y11 + q2y12, where qs are the AD prices,

cits and yts denote the consumption and the endowment for agent i at t for the state of nature
s, respectively.

(a) Define the AD general equilibrium for this economy.

(b) Solve the agent problem.

(c) Find the AD equilibrium prices and stochastic discount factors. Provide an intuition for
your results (hint: compare with an analogous model in which there is homogeneity in
information).

(d) What would be the consequences of introducing idiosyncratic uncertainty in the endow-
ments of both agents ?

2. Consider an Arrow-Debreu (AD) economy with an information tree with two periods and
N > 1 states of nature for the last period. There are I > 1 agents in the economy who are
heterogeneous as regards the subjective probabilities associated to the two states of nature,
πis, and are homogeneous as regards preferences and endowments. The problem for agent i ∈
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{1, . . . , I} is to choose the optimal consumption sequence {ci0, Ci1}, with Ci1 = (ci1,1, . . . , c
i
1,N ),

to maximise the intertemporal utility functional

U i(ci0, C
i
1) = ln (ci0) + β

N∑
s=1

πis ln (c
i
1,s)

subject to the constraint ci0 +
∑N

s=1 qsc
i
1,s = y0 +

∑N
s=1 qsy1,s , where qs are the AD prices,

and yt,s denotes the endowment for agent i at time t for the state of nature s.

(a) Define the AD general equilibrium for this economy.
(b) Solve agent i’s problem.
(c) Find the equilibrium AD prices. Provide an intuition for your results (hint: compare

with an analogous model in which there is homogeneity in information).
(d) Discuss the consequences of introducing heterogeneity in the endowments of both agents.

Focus on both micro and aggregate consequences.

3. Consider an Arrow-Debreu endowment economy in which the information tree is binomial
with two periods and two states of nature at time t = 1. There are two consumers (indexed
by i = 1, 2) which have both intertemporally additive preferences, with symmetric Bernoulli
functions (u(ci) = ln(ci)), and probabilities associated to the two states of nature, but are
heterogenous as regards discount factors βi = 1

1+ρi
, where ρi > 0 and endowments {yit}1t=0.

(a) Define Arrow-Debreu general equilibrium for this economy. Find it explicitly. Caracterize
it as regards existence and uniqueness.

(b) Assume instead that agents are also symmetric as regards their intertemporal discount
factors. Find the Arrow-Debreu equilibrium in this case.

(c) Discuss the results you have obtained in the former two questions. Focus on their de-
pendency as regards the symmetry of impatience and the assumptions as regards the
endowments (at the individual and the aggregate levels).

1.2 Production

1. Consider a two-period production economy where Yt = AtKt, where Kt is the capital stock
at the beginning of period t = 0, 1. Productivity is deterministic at t = 0 but it is stochastic
at t = 1 such that A0 = a0, and A1 = (a1,1, . . . , a1,N ). Assume there is an Arrow-Debreu
economy with homogeneous agents in which the representative agent has a intertemporally
additive discounted von-Neumann-Morgenstern utility functional with a logarithmic Bernoulli
utility function.

(a) Specify the representative agent’s problem. Find the first order conditions for an opti-
mum. Justify.

(b) Define the general equilibrium for this economy and find the stochastic discount factor.
Provide an intuition for your result.
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2. Consider a two-period production economy where the supply of the good at t = 0 is y0 = K0

and in period 1 is Y1 = (y1,s)
N
s=1, where y1,s = (1 + γs)K1 with Kt denoting the capital stock

at the beginning of period t = 0, 1. Assume there is an Arrow-Debreu economy with homo-
geneous agents in which the representative agent has a intertemporally additive discounted
von-Neumann-Morgenstern utility functional with a logarithmic Bernoulli utility function.

(a) Specify the representative agent’s problem. Find the first order conditions for an opti-
mum. Justify.

(b) Define the general equilibrium for this economy and find the stochastic discount factor.
Provide an intuition for your result, by comparing with an endowment economy.


