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Multiperiod, discrete time models

1.1

Arrow Debreu economies

1. Consider an endowment Arrow-Debreu economy in which there is uncertainty and an infinite
number of periods. The endowments are given by an exogenous process {Yt }∞
t=0 and the
agents are homogeneous. Assume that the representative agent has the intertemporal utility
functional
]
[∞
∑
E0
β t ln (Ct )
t=0

ă
(a) Discuss the assumptions underlying the utility functional. Define and find the general
equilibrium for this economy.
(b) Find the recursive stochastic discount factor (Mt+1|t ).
(c) Assume that {Yt }∞
t=0 is a martingale. Find Et [Mt+1|t ]. Justify and comment your result
(hint: to avoid the problem posed by the Jensen inequality show that Covt [Mt+1|t Yt+1 ] =
0).
(d) Under which conditions we may get Vt [Mt+1|t ] = 0 ?
2. Consider an endowment Arrow-Debreu economy in which there is uncertainty and an infinite
number of periods. The endowments are given by an exogenous process {Yt }∞
t=0 and the
agents are homogeneous. Assume that the representative agent has the intertemporal utility
functional
[∞
(
)]
1−θ
∑
C
−
1
t
E0
βt
1−θ
t=0

ă where 0 < β < 1 and θ > 0.
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(a) Discuss the assumptions underlying the utility functional. Define and find the general
equilibrium for this economy.
(b) Find the recursive stochastic discount factor (Mt+1|t ).
(c) Assume that
Yt+1 = (1 + γ + ϵt+1 )Yt , Et [ϵt+1 ] = 0
Find Et [Mt+1|t ] and a limiting value associated to the Jensen inequality. Justify.
3. Consider an endowment Arrow-Debreu economy in which there is uncertainty and an infinite
number of periods. The endowments are given by an exogenous process {Yt }∞
t=0 and the
agents are homogeneous. Assume that the representative agent has the intertemporal utility
functional
[∞
]
∑ ( e−ηCt )
t
β −
E0
η
t=0

ă where β > 0 and η > 0.
(a) Discuss the assumptions underlying the utility functional. Define and find the general
equilibrium for this economy.
(b) Find the recursive stochastic discount factor (Mt+1|t ).
(c) Assume that Yt+1 = ϵt+1 + Yt where ϵt+1 follows a time-independent normal distribution
N (0, σ 2 )1 . Find a closed form solution to Et [Mt+1|t ]. Provide a careful interpretation to
your results.
Solution:
(a) The general values for consumption and for the stochastic discount factor are Ct = Yt
and Mt = β t e−η(Yt −Y0 ) , for t ∈ [0, ∞) where Ct , Yt and Mt are Ft -measurable
(b) µtt+1 = βe−η(Yt+1 −Yt ) .
2

(c) Et [µtt+1 ] = βe2(ησ/2) > β.

1.2

Equilibrium asset pricing

1. In a finance economy the representative consumer has an intertemporal additive utility functional as regards both time and the states of nature and a logarithmic Bernoulli utility function.
From the first order conditions we find the following arbitrage condition for financial asset k
k
Et [Mt+1|t Rt+1
] = 1, k = 1, . . . , K,

for any period t = 0, . . . , ∞. The following notation is used: β is the psychological discount
factor, Rtk is the return for asset k and Mt+1|t is the conditional stochastic discount factor
(or pricing kernel).
1

2

Remember that a property of ϵ ∼ N (µ, σ 2 ) is E[e−aϵ ] = e−aµ+a

σ 2 /2

.
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(a) Assume that Mt+1|t follows a log-normal distribution
for the riskless asset.

2

3

F
Find and expression for ln Rt+1

k
(b) Assume that, for any risky asset k ̸= F , Rt+1
follows a log-normal distribution and
k
k ]
Mt+1|t Rt+1 follows a bivariate normal distribution 3 . Find an expression for ln Et [Rt+1
for the risky asset .

(c) Find the risk premium as the ratio between the expected value of the risky asset as
regards the riskless asset. Give an intuition for the previous result, by considering, in
k ].
particular, diﬀerent values for Cov[ln(Ct+1 /Ct ), ln Rt+1
(d) Empirical evidence on the risk premia, rates of return of riskless assets and their correlations with consumption and compare with the former results, when unconditional
probabilities are used, two puzzles emerge: the equity premium puzzle and the risk free
rate puzzle. What is the meaning of both puzzles ? Why are they mutually related ?
2. Consider a finance economy under uncertainty and an infinite number of periods. The intertemporal arbitrage condition for the consumer is
]
[
j
Ct Rt+1
, t = 0, 1, . . . , ∞
1 = βEt
Ct+1
j
is the rate of return for financial asset j at the beginning of period t + 1, β is
ă where Rt+1
the psychological discount factor and Ct is consumption at period t.

(a) Give an intuition for that equation.
(b) Assuming that there are no speculative bubbles, find an equivalent condition in which
the price of the asset j, Stj , is equal to the expected value of the present value of future
payoﬀs, {Vsj }∞
t=s . Justify

2

If X follows a normal distribution, then Y = ln(X) follows a log-normal distribution. The following relationship
holds: ln E[X] = E[Y ] + 1/2V [Y ].
3
If X1 X2 follows a bivariate normal distribution and Yi = ln(Xi ), for i = 1, 2 follow log-normal distributions, then
ln E[X1 X2 ] = E[Y1 ] + E[Y2 ] + 1/2 (V [Y1 ] + V [Y2 ] + 2Cov[Y1 , Y2 ]).

