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Part II
1 [6 points:1,3,1,1] Consider a Ramsey model in which labor is endogenous. The con-

straint of the economy is given by equation k̇ ≡ dk(t)

dt
= kα ℓ1−α − c, where 0 < α < 1. The

central planner optimal allocation is a solution to the HJB equation

ρ v(k) = max
c,ℓ

{
ln (c)− ψ ℓ+ v′(k)

(
kα ℓ1−α − c

)}
.

where ψ > 0, and ρ > 0, with the usual interpretation: k, ℓ and c denote the per-capital
capital stock, labor effort, and consumption, respectively, and v(·) is the value function.

(a) Find the optimal policy functions and write the optimal HJB equation.

(b) Using the envelope theorem, and the policy functions you obtained in (a), we can
obtain a representation of the optimality conditions as a dynamic system in (k, c),

k̇ =
R(c)

α
k − c

ċ = c
(
R(c)− ρ

)
,



  where R(c) ≡ α
(1− α

ψ c

) 1−α
α . Prove this.

(c) Draw the phase diagram, assuming that k is a pre-determined variable, and the optimal
path is conditionally stable. Explain your reasoning.

(d) Study the effects of non-anticipated, permanent, and constant increases in ψ and in ρ.
Provide economic intuitions for your results.

2[4 points:2,1.5,0.5] Consider a finance market economy in which there is only one
risky asset entitling the holder to a dividend following the process dD(t) = g D(t) dt +
σD(t) dW (t), where g > 0, and σ > 0 are given constants, and

(
W (t)

)
t≥0

is a Wiener
process. Households have an intertemporal utility functional with form

E0

[ ∫ ∞

0

C(t)1−γ − 1

1− γ
e−ρ t dt

]
, for ρ > 0, γ > 0,

  where C(t) is consumption at time t. The household balance sheet is, at time t, is S(t) =
N(t), where N and S denote net wealth and the market value of the risky asset. Its financial
gain process is

dG(t) = S(t)
((
µs(t) + z(t)

)
dt+ σs(t) dW (t)

)
where µs and σs are the market return and volatility parameters for the risky asset, and
z(t) = D(t)/S(t) is the dividend-price ratio. There is no non-financial income.

(a)  The household problem is to maximize the utility functional subject to the budget
constraint dN(t) = dG(t)−C(t) dt, for t > 0, given N(0) = N0, by choosing an optimal
path for consumption. Find the solution to its problem.

(b)   Assuming that the risky asset is in positive net supply, equal to D(t), define the
dynamic stochastic general equilibrium. Find the equilibrium values for z(t), µs(t)
and σs(t).

(c) Discuss and interpret your results.


