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1 Introduction

This lecture note is dedicated to the household problem from the perspective of macroeconomics.
This means that we are concerned with the allocation of household resources over time. It is thus
a partial equilibrium approach.

The household problem, and its several extensions that we study next, has two applications:
first, as a building block of macroeconomic models usually featuring the supply side of savings and
the demand side in the asset markets, or a macroeconomic model for a small open economy facing
perfect international capital markets.

In this note the analysis is conducted in continuous time and within a deterministic setting.
That is, it is assumed that households have perfect information.

After studying the main concepts of intertemporal choice in a continuous-time setting we apply
them to both intertemporal additive and intertemporally dependent preferences, and several sources
of non-financial income.

We review the household problem in several environments: without resource constraints, with
an initial finite resource (cake eating problem), with borrowing constraints, with financial and non-
financial income, and with a stochastic horizon. We distinguish between the effect of anticipated
changes in income (both non-financial and financial) and non-anticipated income. We also introduce
endogenous time-use between working, and leisure and working and education.

This allows us to provide background to the benchmark household problem in macroeconomics:
the discounted infinite horizon problem in a complete market setting in which the rate of return
is equal to the rate of time preference but in which the household has a solvability (or non-Ponzi
game) constraint.

Although this model has a closed form (explicit) solution, we present (in subsection @) the
method of comparative dynamics analysis applied to this case. This has an interest per se but also
is the only tool available to characterize the solution to the intertemporally dependent household
problem.

This model provides a relatively simple theory for one of the stylized facts in macroeconomics:
the relatively more persistent behavior of consumption relative to aggregate income.

In section E we present the benchmark intertemporal additive utility case. In section E we present
the household problem in the continuous time setting. In section @ we consider the response of
the household to expected changes in income. In section E the existence of habit formation is
introduced and its comparative dynamics is studied. In section E two versions of the model with

endogenous labor supply are briefly discussed and solved.
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In the appendix we gather several proofs and useful methods for studying dynamic macroe-
conomic models in continuous time, in particular, functional derivatives (section @), comparative

dynamics method (section @), and two-stage optimal control problems (section E)

2 Intertemporaly additive utility functionals

In this section we provide some definitions regarding the intertemporal preference properties which
are implicit in intertemporal utility functionals. We start with the case of additive utility functionals
both in discrete and continuous time, in subsections @ and @ In section B we study, with the same

concepts, a non-additive intertemporal utility functional arising in the habit formation model.m

2.1 Discrete time

In a discrete-time setting all variables are measured at discrete time intervals, or periods. Therefore,
the set of periods is T ={0,1,...,¢t,...,T}. We denote consumption in period ¢t € T is ¢, and the
sequence of consumption between periods t =0 and t =T by ¢ = {cg, 1, .., Cpyeer s Cp )

The value of a consumption sequence c¢ is measured by the utility functional

Ule] = U[{cg, €1y e s Cpy ooy Cp }]

The functional U[c] maps every consumption sequence into a number, which assesses the value of
the consumption sequence. The higher U[c] is the higher is the value of a consumption sequence.
From the postulates from choice theory, we represent an order relationship between consumption

sequences by a cardinal relationship between their intertemporal utilities. That is, given two

consumption sequences ¢’ = {c{, ¢y, ..., ¢;,...,cp} and ¢’ = {cj,c7,...,¢{,...,cT} the household is
indifferent between the two if and only if U[¢'] = U[c¢”] and the household prefers ¢’ to ¢” if and

only if U[¢’] > U[¢”].

In order to characterize the implicit properties introduced by the utility functional Ulc] con-
sider a given consumption sequence Pricesandrealwagesinseventeenth — centuryM adrid and in-
troduce a change in consumption at any point in time ¢, i.e, consider the change from ¢ =
{CosC1yeersCpyeenyep} to ¢+ de = {cg,¢qy ..., ¢, + dey, ..., ep}, where de = {0,...,0,dc,,0,...0}.
The value of the consumption sequence changes from U[c] to U[e + de] = Ule] + dU[¢; ¢;] where

oU[c]

dU[c; ¢] = e de,,
f

1For a thorough presentation of preference structures in macroeconomics, in discrete time, see Backus et al., 2004.
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Ule
where [ is the own partial derivative for consumption at time ¢. We call it the marginal
Ct
utility of consumption at any time ¢ and denote it by
oU|c]
U.[c] = , forany t € T.
t[ ] act Yy
Observe that U, [c] is also a functional. Therefore we can define the second partial derivatives
derivatives 22Ul
Ule
U, ,/[c] = ——c¢y,givent, foe any t' € T,
t7t[] 8ct80t/ t gV y

which yields the change in the marginal utility of consumption at time ¢, dc, , for a change in
consumption at time t’, de,/, where for ' = ¢t we have a own derivative, and for ¢’ # ¢ we have a

crossed derivative.

Now consider the following case: take the initial sequence ¢ = {¢, ¢y, ... s Chyreee s Chggrs oo NS
and perturb it by changing consumption in two periods ¢, and ¢, = ty,+7, to c+dc = {cy, ¢y, ..., Gt
dcy e s Cpir ey rs e cr}. The initial sequence has value Ulc| and the perturbed sequence has
value

Ule + dc] = Ule] + dU[c] = Ulc] + U, [c] de,, + U, [c] de, .

We define intertemporal marginal rate of substitution, between periods ¢, and t; = t,+7,
as the change in consumption at t; = ¢t + 7, where 7 > 0, for one unit increase in consumption at

ty, such that it leaves intertemporal utility constant, i.e., dU[c] = 0:

de,
IMRSt - — 1

t o
0s%1
’ dey,

U=constant

But, as
dUlc] = U, [c] de,, + Uy [c] de,, =0

then IMRS, , is equivalent to the ratio between marginal utilities

Uto [c]

Uy [e]

1

IMRS, , (c)=

As the IM RS depends on a particular consumption sequence, we choose a stationary consump-
tion as a reference. A consumption sequence is stationary if ¢, = ¢, a positive constant, for every

t € T. The value of a stationary consumption sequence is the functional

U = U{éa,...é..,c.
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We say the utility functional U displays impatience if, for a stationary consumption path,
such that ¢, = ¢, for every ¢, the intertemporal marginal rate of substitution is greater than one:
IMRS, , (¢) >1.

This means that, given a time-independent stationary consumption sequence, the household
attaches a higher value for consumption closer in time to the present than to consumption further
away into the future. Equivalently, the household is willing to sacrifice a given amount of con-
sumption in the present if a higher level of consumption will be given in the future, and that level
increases with the time lag into the future in which it is made available.

The change in the marginal utility, U, , [c], also provides an insight concerning the implicit
consumption behavior which is formalized by the intertemporal utility functional U[c].

The Allen-Uzawa elasticity of intertemporal substitution of consumption in period ¢,

by consumption in period ¢, is defined by

Uy, lel e
— 0>"1 0
51‘/071‘/1 = —W,for anyto,tl S T,

which measures the relative change in the marginal utility of consumption at time ¢, for a change
in consumption at time ¢;.
Considering a stationary consumption path, the utility functional displays one of the three

following properties E:

 there is intertemporal complementarity if the marginal utility of consumption at time ¢,

increases with consumption at time any future date ¢;. In this case ¢, , (¢) is negative;

o there is intertemporal independence if the marginal utility of consumption at time ¢
does not change with consumption at any future time ¢;. In this case 6t07t1(5> is equal to

Z€eTO0;

o or there is intertemporal substitution if the marginal utility of consumption at time ¢

decreases with consumption at time any future date ¢;. In this case ¢, , (¢) is positive.

In order to measure intertemporal substitution/complementarity the definition of intertem-
poral elasticity of substitution is introduced

EIS _ a<0t1/ct0) IMRS,
ol T OIMRS, ¢ e,

2We are referring to complementarity and substitutability in the Edgeworth-Pareto, or uncompensated, sense not
in the Hicks-Allen, or compensated, sense. The issue of complementarity and substitutability should be dealt with

care. This is discussed in the next subsection.
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which measures the elasticity of the consumption ratio as regards the elasticity of the IMRS.
Expanding the definition, we have the equivalent formula
Ct, Uto ¢, Uy

Ct, Uto Ctity — 2cto Uto Cto.ty + t, Ut1 Eto.to

EIS, ; =

Example: The benchmark utility functional is the additive utility functional

T

Ule] =) Bulc,) (1)

t=0

where 8 = 7 is the psychological discount factor and p is the rate of time preference. As
p > 0 then 0 < f < 1. It means that the value of a consumption sequence ¢ = {¢, },cp is equal
to the present value of the sequence of period utilities of consumption. It is therefore linear in the
utilities of consumption for every period.

Exercise: Prove that the utility functional @) displays impatience, intertemporal indepen-

dence, and, if we define the elasticity of marginal substitution by

then the elasticity of intertemporal substitution is equal to the inverse of the elasticity of marginal
1
utility E1S, C) = ——
y to,t1 ( ) 0_(5)

2.2 Continuous time

Let time be a non-negative real variable, t € T C R,. Consumption at time ¢ is denoted by c(t),
and the flow of consumption is ¢ = (c(t)), .-

While the definition of marginal utility regarding intertemporal choice in discrete time is analo-
gous to the static choice among several goods, the definition of marginal utility in a continuous time
setting requires some background in functional differentiation, Allen-Uzawa because the change in
consumption at a point in time takes place within an infinitesimal time interval.

In this section we introduce the concepts of marginal utility, intertemporal marginal rate of
substitution, Allen-Uzawa elasticities and elasticity of intertemporal substitution for the benchmark
time additive utility functional. In section B we apply them to a particular type of intertemporally

dependent preferences.
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2.2.1 The benchmark utility functional

The benchmark intertemporal utility functional in continuous time is

Uld = /0 u(e(t))ertdt, p> 0 @)

where e *! is the psychological discount factor and p > 0 is the rate of time preference. Again
p > 0 implies e #* € (0,1] if ¢ € R,. The utility function wu(-) is assumed to be continuous,
differentiable (and at least second-order differentiable in most of the rest of this paper), increasing
and concave: that is u”(c) < 0 < u/(c).

As we saw in last subsection, a crucial feature of the allocation of consumption over time is the
intertemporal substitutability (or complementarity) of consumption. In a continuous time setting
the utility functional U [c] is infinite-dimensional and consumption substitutability is related to
the change in consumption in two points in time. Consider times ¢, and ¢, 4+ 7, and the changes
in consumption, dc(t,) and de(t, + 7), such that the utility functional U [¢] remains constant. In
sep Where ¢ (t)=c(t)
if t # {ty,to + 7} and ¢ (t,) = c(ty) + de(ty) and ¢ (ty + 7) = c(ty + 7) + de(ty + 7), such that
Ule] = U[¢]

There are two difficulties in dealing with intertemporal substitution/complementarity in con-

other words, we want to compare the value of the flows (c(t))teT and (¢ (t))

tinuous time.

The first difficulty is related to the economic definition of complementarity /substitutability. The
concepts of complementarity and substitutability are not unequivocal. In a static microeconomic
setting, preferences among different consumption bundles ¢ = (¢y,...¢,,) are represented by the
utility function u(c), and the household’s problem is max.{ u(c) : p-c < y}, where p is the related

price vector and y is income. In this setting we say two goods, indexed for instance by i and j,

32
are substitutability in the Edgeworth-Pareto sense if au(c) < 0 and they are substitutable in the
¢; ¢
oc;
Hicks-Allen sense if, at the optimum, the demand function is ¢ = C(p,y) and % - 0. The first

op;
J
type can be called uncompensated substitutability and the second compensated substitutability
because it takes into account a normalizing effect of the budget constraint. Given the difficulty of
defining an extension to the Hicksian sense of substitutability in continuous time i , the definition

we present next is an extension of the Edgeworth-Pareto comcept.E

3For a discussion see Biswas, 1976, and Ryder and Heal, [1973 and Heal and Ryder, [1976.
4There are issues here that are more profound than they look at first. There is a long discussion between ordinalists

and cardinalists related to comparative statics. The most recent approach to microeconomics, the monotone compar-
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The second difficulty is mathematical. Although continuous time makes analytical derivations
of results easier, one has to specify the mathematical definition of intertemporal marginal rate of
substitution between times ¢, and ¢, + 7, because the time variations become infinitesimal, i.e.,
variations have a measure zero.

For the utility functional (E), we can use the concept of a Gateaux derivative for a ”spike” varia-
tion of consumption at time ¢, introduced in the appendix @ Applying the definition of the integral
derivative, provided there, to equation (@), we obtain the marginal utility of consumption

at a particular time ¢t = ¢, € T is given by
oUlest;] = U, =w/(c(t;) e, for any ¢, € T,

where 6U[c; t] is the integral derivative of the functional U[c] for a Dirac-¢ variation in consumption
centered at t;, 6(t —t,).
Therefore, the intertemporal marginal rate of substitution between consumption at time

tyand t; =ty + 7, for 7 > 0, if the intertemporal utility functional is (E) can be proved to be

Uy, _ W (c(ty)) P

Ut1 u’ (C<t1>>

From our previous assumptions, we have IMRS, , > 0 for any pair (¢y,t;). If there is a satiation
point, such that u’(c, ) = 0, then it is possible to have IMRS, , < 0. We rule out this possibility
by assuming that for any pair (¢,,¢,) there is local non-satiation, that is u’(c(t)) > 0 for t = {¢y,t;}.

IMRStO 2t -

Using the second order Gateaux derivatives for a ”spike” variation at the same time, ¢;, and at

a different time, ¢; # ¢;, we obtain

» Yy Ve

5°Ulesty t;] = U, =u"(c(t;)) e, for any t € T,

R 2]

and 62U[c;t,,t:] = Ui,¢, = 0 for ¢; # ¢; both in T.
This implies that the Allen-Uzawa elasticities are i are
u”(c(t;)) e(t;)
u’(c(t;))

ative statics approach, initiated by Milgrom and Shannon, 1994, associates substitutability defined in an ordinal way

€0, =0(c(ty) =~

1Y

with the property of supermodularity. If a utility function is continuous and differentiable, the Edgeworth-Pareto

substitutability criterium is equivalent to supermodularity.
5They are defined as
_52U[c;ti, t;] c(t;) U

i

_ _ tjc(ti)
R /=S RN

i

for anyt;,t; € T.

€, 17773
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where o(c(t;)) is the elasticity of the marginal utility «/(-), and

Therefore the elasticity of intertemporal substitutionl

o dlog (c(tg)/c(ty)) _
tg,tq d log IMRStO,tl

Ct, Uto + C, Utl

Ct, Uto €ty .ty 2 Ct, Uto €ty + t, Utl €to.t0

Applying to the intertemporal utility functional (E) yields

c(ty) u'(c(ty)) e=P'0 + e(ty) u'(c(ty)) et
c(to) w'(c(ty)) =P oc(ty) + c(ty) u/(c(ty)) eo o(c(ty))

If we consider a stationary flow of consumption, such that ¢(¢) = ¢ for any ¢ € T, the benchmark

EIStmtl =

utility functional Ule], in equation (E), displays: (1) impatience because IMRS, , (c) = /7 >
1; (2) intertemporal independence because ¢, , (¢) = 0; and (3) constant intertemporal
elasticity of substitution, which is qual to the inverse of the elasticity of the marginal utility of
consumption for a stationary consumption trajectory, because EIS, , = @.

For the case in which the utility function is isoelastic (indeed a generalized logarithm),

1
we obtain EIS, , = 7 which led to the literature calling 6 the inverse of the elasticity of
intertemporal substitution.
2.2.2 Summing up: properties of the benchmark utility functional
The benchmark utility functional in the form presented in equation (E) rests on three main elements:

1. the generalized indirect utility is a linear functional of the flow of utility over time, and

displays non-satiation and intertemporal independence (in the Edgeworth-Pareto sense);

6 Expanding the expression we obtain

dlog (c(t;)/c(t;)) - c(t;) Uy, +c(t;) Utj

legIMRSti,tj c(t;) UtJ Uge, — 2c(t;) U, Ut,ytj +c(t;) U, Utjtj .
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2. it has a (psychological) exponential discount factor, where the rate of time preference is

constant in time and it is taken as a parameter
3. the time horizon is finite and known
4. the household only measures its welfare by the flow of consumption.

We will consider next some of extensions to those assumptions.

3 The household problems in the continuous time setting

In this section we apply the previous concepts, in particular the continuous-time definition of
marginal utility, to the household problem with several types of constraints. We assume a deter-
ministic setting in which the household has perfect information.

We start by dealing with the meaning of maximizing utility in an unconstrained problem in
subsection @ In subsection @ we consider the problem for a rentier, i.e., for an agent which
consumes out of an initial resource from which the only activity is to consume it over time. Next, in
subsection @ we consider the problem for a rentier which is also an investor. Section @ considers
the case in which the household has both financial and non-financial income. All those models
consider a finite and known horizon.

In subsection @ we present a justification for considering an infinite-horizon, and solve the
infinite-horizon household problem. This model is the benchmark partial equilibrium model in
intertemporal macroeconomics. It can also be seen as a simple model for a small open economy

facing a perfect international capital market B

3.1 Maximizing utility without constraints

We address the first problem: finding the maximum consumption path in an unconstrained setting.

In other words, we want to find a consumption trajectory (c(t)) where T = [0,7], that the

teT’
household would choose in the case it has no constraints.
The problem is to find the maximum value of the utility aggregator (or intertemporal utility

functional)

T
Ulc*] :IICI(E%')X/O u(c(t)) e Pidt (P1)

"This line of research can be traced back to Fisher, 1930. For seminal papers on the household problem in finite

horizon see Yaari, 1964 and infinite horizon see Arrow and Kurz, 1969.
8For a discrete time version see Uribe and Schmitt-Grohé, 2017, ch 2.
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where we denote c* = (c*(t))teT the maximum utility consumption path.
If ¢* is optimum, then any arbitrary perturbation ¢ will not change the intertemporal utility,
that is U[¢* + ¢] = U[c¢*]. Therefore, at the optimum

T
Wiei] = [ (@) o=
0
This is a linear functional which can be solved, because p(t) # 0 for every t € T 0 if and only if
uw'(c*(t))e Pt =0, for everyt € T. (P1:foc)

The optimum level of consumption, because e ! € (0, 1), depends on the properties of the utility

function wu(-):

1. if the utility function has the Inada property, i.e, if lim,_,  u’(¢) = 0, then the optimum will

be reached for ¢*(t) = oo for any t;

2. however, if the utility function does not have the Inada property, then the optimum can be
reached for a finite level of consumption. If there is a satiation point, that is a point ¢® € R
such that u'(c¢®) = 0, then the optimum will consist in consuming at that satiation point at
every moment time c¢*(¢) = ¢® for any ¢.

1-6

—1
Exercise: Prove that the utility function of the isoelastic type u(c) = 017‘9, for 6 > 0 has

the Inada property, and therefore the optimum consumption is ¢*(t) = oo for every t.

Exercise: Prove that the quadratic utility function u(c) = ¢ — gcz, for B > 0 has a satiation
point, and find it.

The intuition for this result is obvious: if there are no constrains on consumption and the utility
function displays non-satiation, then optimal consumption would be infinite for every point in time,
as in the Cockaigne land. If there is a satiation point, the household will consume permanently at

that point over time.

3.2 Maximizing utility for a rentier household

Consider the problem for a rentier: it has an initial stock of net wealth, a; > 0 which is used to
finance the purchase of consumption goods over its lifetime. Assume prices are always equal to one.

d

9See Gel'fand and Fomin, 1963, p.9
10This problem is sometimes called the cake-eating problem, see Romer, 1986.
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Consider, again, any two moments ¢ and t+7. Assuming that the rentier still possesses the stock
level a(t) at time ¢, and that it consumes a constant quantity c(¢) during any period of length T,
what will be the stock of wealth remaining at time t47 7 It is easy to see that a(t+7) = a(t)—c(t) 7.
If the time interval shrinks to zero, the infinitesimal change in its wealth is

lim ‘w — a(t) = —c(t).

For an equivalent way to see this, given the initial wealth a,, and that consumption is reducing it

over time, the level of wealth at any time ¢ will be

We can find the instantaneous budget constraint by taking time derivatives to both sides, yielding
again a(t) = —c(t).
From now on we assume that the initial value of wealth is finite, positive and known, that is
a(0) = ay > 0.
Does the optimal consumption path changes as regards problem (@), i.e., does existence of an
initial finite resource constrains consumption ? The answer is, not necessarily, because it depends

on the assumptions we introduce regarding the domain of a.

3.2.1 Unlimited borrowing

Consider a first case: the future net wealth level a can take any real value, that is the agent
can borrow without limit. As a denotes the stock of net wealth we assume that —oo < a(t) < oo
for any time t > 0.

The problem of the household becomes

()

subject to

max /0 " e(t)) et

a(t) = —c(t), fort €T (P2)
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We show in the appendix B that the optimality condition for this problem is the same as the

solution of problem (EI), in equation ()

uw (c*(t)) e Pt =0, for everyt € [0,T]. (P2:foc)

Again, if the utility function has the Inada property (v.g, if it has not a satiation point) then
the household will want to consume an infinite amount at every point in time. This means that
a becomes negative and unbounded just immediately after ¢ = 0 and the initial constraint of the

resource is not active.

3.2.2 Limited borrowing

A second, more realistic case is the one in which the household faces a lower bound on a,
that we denote by a. If he cannot borrow then @ > 0. If he can become a net debtor until some
prescribed limit, then he faces a borrowing constraint ¢ < 0 which is finite. This can be seen as a
case in which there is a financial friction.

We assume this constraint is active at every point in time, and the household has an initial net

wealth level which is positive. The problem is now:

c()
subject to
a(t) = —c(t), fort € T
c(t) e Ry

T
max/ u(c(t)) e Ptdt
0

(P3)

a(t) € [a,00), for every t € [0,T]
a(0) = ag > max{0,a} given

Let us assume that the utility function u(c) has the Inada property: u”(¢) < 0 < u’(¢) and

lim, ,u'(¢c) = co and lim._,  u’(c) = 0. In order to make the analysis clear let us assume that the

1-0 _
utility function is u(c) = 079’ for § > 0. This yields u/(c) = ¢™?

The introduction of the borrowing constraint carries two important consequences: first, we
assume that initial level of wealth is above the lower limit for a, a (which can be positive or

negative); second, as the utility function would induce an unconstrained household to consume an



Paulo Brito Advanced Macroeconomics 2022/2023 16

infinite amount at every point in time, then the borrowing constraint will be active at some point
in time, say ¢ € (0,7]. The time of activation of the constraint will be higher than zero because the
initial level of wealth is by assumption bigger than the lower limit, a; > a but it is endogenous.
This raises a natural question: is it optimal to hit the constraint earlier or at the horizon T' 7

The optimality conditions are (see Appendix @)

c(t)™? ert = \(t)
= —c(t)
S A= —n(t) (P3:foc)
n(t)(a(t) —a) =0, n(t) >0, a(t)>aforte (0,T]
(A(T) =0

Therefore, we can divide the solution in two periods: the period [0,%) in which the constraint is not
active, and we have 7(t) = 0 which implies A(t) = A, is a constant, consumption is positive and
the net wealth diminishes over time, because we still have a, > a(t) > a; and, the period [¢,T] in
which the constraint is active, and we have n(t) > 0, A< 0, consumption is equal to zero and net
wealth is at the borrowing limit.

That is, we have the following solutions for consumption and net wealth:

1. if ¢t < T then
A Peret fort e 0,t
C(t) — 0 [ 7)
0 fort € (¢, T

here v, = —g < 0 is the (negative) rate of growth of consumption, and

_1
6

Ao
ag + 1—e¥t) fortel0,t

a fort € (¢,T],

where )\, is unknown and can only be determined when t is found. At time t we have
c(tt) = ¢(t7) = 0. This is only possible if A, = oo which implies that a(t”) = a = a,. This
is not possible for ¢ < T, because we have assumed that a < ag;
~
2. if t =T then, from a = ag + ~2—(1 — %) we can determine )\, as
c

a— ay
’701 _ e’YcT
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Figure 1: Solution to (@) problem for p =0.02, § =2 and ay > a

and obtain the optimum consumption

c*(t) = Vc%e%t tel0,7).

Observe that consumption solution is valid for the open set ¢t € [0,T). L1 In the limit ¢ T 7T,

we have ¢(T) = ’yc%
— eVe

that a < ay, we have n(t) = 0, which impies A(¢) is finite and constant, and therefore the

e¥eT > 0 (recall that v, < 0). At time t < T, because we assumed

marginal utility of consumption is also constant. But as a(7) = a at t = T, then we have
n(T) > 0, and A(T") = 0 there should exist a discontinuous jump consumption to an infinite

level, because the marginal utility of consumption would be infinite, which is not admissible.
The optimum net wealth stock evolves according to

a—ay

a (t):ao—l_l—e’YcT

(1—ert) fort¢ e [0,T].

1 The first order condition for T, (c¢(T)~% =T = A(T) is not well defined because the transversality condition is

A(T) = 0, which would imply an infinite consumption, which is not possible.
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Figure m displays the solution. if the household attributes an unlimited utility to consumption
when it is close to zero, if the utility function has the Inada properties, if there is a financial
constraint, and the household has perfect foresight, it will stay away from the borrowing constraint
before the problem’s horizon T'. It finds optimal to exhaust his possibilities for borrowing only at
the last moment.

Exercise If the utility function displays satiation what will be the solution to the problem ?

3.3 Maximizing utility for an investor household

Usually, at any point in time, the stock of net wealth generates a net income equal to r(t) a(t),
where r is the interest rate. The income flow is a source of earnings if the household is a net creditor
(if a(t) > 0) but it is a source of expenditure if the household is a net debtor (if a(t) < 0). We
assume that the interest rate is given to the household, and to simplify, that it is constant. Because
we are dealing with real variables, r refers to the real interest rate.

Again we assume that the utility function has the Inada property and that, justified by the
results in the last subsection, there is a terminal constraint on the level of net wealth.

Assuming an isoelastic utility function, the problem is

() 1—-6

subject to

T 1—6
t —1
e [ SO gy
0

a(t)=ra—c(t), fort € T
a(0) = ag > a given
a(T) > a

Observe that we are using what we have learned in the previous subsection, and set the financial

constraint at the terminal time, T, and not for every point in time.

In appendix E we prove that optimal consumption path is (¢* (¢)),[0, 7], Where

(r—7e)(ag—ae™™)
* — ¢ ’th
c*(t) ( | — (o7 ) eYet for everyt € [0, 7] (4)
where the rate of growth of consumption is
r—p
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and the optimal net wealth is generated by the function

ag — Qe—rT

1— e(’Yc—T)T

a*(t) = e"tay —

(emt —eet) for everyt € [0,T). (5)

‘ ‘ ‘ ‘ ‘
-10r 20 40 60 80 100
bt

(a) Asset dynamics (b) Consumption dynamics

Figure 2: Solution to (@) problem for several values of r: for r < p (dashed lines), r = p (solid
lines) and r > p (dotted lines)

The following observations can be made: first, as the sign of v, is the same as r — p then if
r > p, consumption will grow over the lifetime, it will remain constant if r = p and will diminish if
r < p. Second, for any value of the parameters, the initial and the terminal values of net wealth are
a(0) = ag and a(T") = a, which means that the time profile of consumption (and savings) featuring
more or less consumption (or less or more savings) in the beginning of the period or at the end of
the period, depend on the relative value of the parameters, p and 6 and on the market interest rate
r. In particular, if 8 is higher than the absolute value of v, will be lower. Figure P illustrates the
solution fot those three cases: we see that both consumption and financial wealth is permanently
higher the higher r. At the terminal time, in all cases the net wealth converges to the credit limit,

although consumption is still higher if r is higher.

3.4 Maximizing utility with non-financial income

In the previous model the path of income is y(t) = ra(t) because there is only financial income.
In this subsection we assume that the household is entitled, in addition, to a non-financial

stream of income (w(t)) where w(t) > 0 for every ¢t. It can be labor income or any other

teT’
type of non-financial income. In the case of labor income, we assume that the household supplies

inelastically a constant flow of working hours (or effort) normalized to one.



Paulo Brito Advanced Macroeconomics 2022/2023 20

We consider now the following problem

T 1-6
max/ 0(75)71 e Ptdt
c() Jo 1—40

subject to

a(t) =ra+w(t) —c(t), fort € T (P5)

a(0) = ay > a given

a(T) > a

0.5

I I I I I
-10L 20 40 60 80 100

(a) Asset dynamics (b) Consumption dynamics

Figure 3: Solution to (@) problem for several values of r: for r < p (dashed lines), r = p (solid
lines) and r > p (dotted lines)

Using the same approach as in the previous problem, we can prove that the solution is

— ho — —rT
c*(t) = <<T %)1(&0 Ty 0 )Tge )> eYet for everyt € [0, T (6)
— ele—r
and .
h _ —T
a*(t) = et (ag + hy) — aof‘ 0(7 %()iT (emt —eet) for everyt € [0,T). (7)
— e(ye—r
where

T
hy = / et w(t) dt
0

is the human capital of the household at time ¢ = 0. Comparing with the previous problem,
we see that while in the previous problem, consumption and savings essentially led net wealth to
go from a to a, in this case, the initial total wealth is a; + hy and the terminal wealth is still a.

This means that the present flow of consumption in this problem is much higher than in the former
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problem. See Figure E with uses the same cases as Figure E Observe that human wealth decreases
with 7, which mean that h is different for the three cases, which leads to a different levels for the
initial wealth.

Furthermore, if human wealth can be seen as a collateral for net borrowing, it is possible that
the lower limit on net financial wealth a might be reduced by the existence of human wealth which
could be offered (or accepted) as a collateral.

T as total wealth perceived by

A final observation is interesting: we can interpret a;+hy—ae
the household. If the household can be a net debtor in the terminal time then ¢ < 0. This means
that consumption depends on the sum of the initial financial wealth, ag, in the human capital -
the present value of wages - hy, and of the present value of the terminal credit available. Then

ag+hy—ae T >aq+ hy.

3.5 Infinite horizons

We saw that the determination of the initial level of consumption ¢(0), and therefore, the level of
consumption is dependent on the horizon of the problem, T', and on the terminal constraints on
wealth. In this section we present the infinite-horizon case.

There are two main justifications for considering the infinite horizon case: first, the existence of
incomplete information on the terminal time, and second, the existence of concern by the household
of the utility of its family beyond the life of those living at time t = 0. We call the second case the

dynastic model.

The uncertain horizon In order to study this case we assume that the lifetime T is stochastic.
Let the cumulative distribution of lifetime be F(T') = fOT ft)dt € (0,1) for T € (0,00) and
the density function f(t) follow a Poisson process, with the instantaneous probability of death p,
f(t) = pe . Then F(T) =1—e#T. Off course F'(t) = f(t), F(0) =0 and F(c0) = 1.

Let U(T) = |
the intertemporal utility with a stochastic lifetime be given by the expected utility functional

u(c(t)) e Pt dt be the utility functional for an household having horizon T and let

o) o) T
Ul = TYU(T) dT = T u(e(t)) e PtdtdT.
= [ sy ar= [ gy [ uewne
We can prove that

U [¢] :/0 u(c(t)) e=(PHit gt (8)

120ne of the first contributions is Arrow and Kurz, 1969.
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To prove this observe that
oo
Uld = / F/(T)U(T) dT.
0
Using integration by parts,E we have

—/oo F(T)U'(T) dT
0

F(oo)U(oco) — F(0)U(0) — /0 F(T) e PTu(c(T))dT because U (T) = e PTu(c(T))

I
d

(00) — /0 (1—e e PTu(c(T))dT

[ee]

w(e(T)) T dT — /O (1— e=#T)e#T y(e(T)) dT

o0

u(c(T)) e PTdT — /0 u(e(T)) e PTdT + /0 e~ Ty (e(T)) dT

o0

u(c(T)) e~ P 4T,

I
S—0 S— —

Therefore, interpreting the discount factor as the sum of the rate of time preference plus the
instantaneous mortality rate for an uncertain lifetime model with a Poisson distribution of the time
of death, justifies assuming an utility functional for a single agent with an infinite horizon, as in

equation (E) :

The dynastic model Another interpretation for an infinite horizon is the dynastic interpreta-
tion that is mathematically equivalent. In this case the economic agent can be seen as an household
which cares for the utility not only of the present but for all future generations. In this case we

have

/OOO u(c(t)) e Pt dt

We consider now the following problem, in which the rate of time preference can include the

mortality rate or not.

13 Assuming that some mathematical requirements are satisfied, implying the boundedness of u(c).
4Yaari, 1964 was one of the first contributions for solving this problem.
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c()

subject to

oo t 1-6 1
max/ L e Pidt
o 1—-46

a(t) =ra-+w(t) —c(t), fort € R, (P6)

a(0) = a, given

lim a(t)e " >0

t—o0

The terminal condition is called the non-Ponzi game condition, it means that in present value terms
the household will not be a net debtor asymptotically.

Observe that the model with finite horizon and a Poisson distributed horizon reduces to this
model if there is an annuity market in which the household could receive a rate or return equal to
u and its net wealth would be repossessed by the issuer in the event of death.@

Another interpretation is that the three constraints imply that the household consumption path
is sustainable, or that it is solvent. In order to see this, solving the household budget constraint,

a(t) =ra+ w(t) — c(t), together with the initial condition, a(0) = a, yields

a(t) = ”(ao + /Ot e’ (w(s) — c(s)) ds).

Multiplying both sides by the discount factor e "* and taking the limit to infinity, yields

t—00

oo
lim e "ta(t) = ay + hy —/ e "t c(t)dt
0
where we used the definition of human capital at time ¢t = 0,

ho = / e "tw(t)dt.
0

If the non-Ponzi game condition holds then we obtain the following intertemporal budget con-

straint

/ e "te(t)dt < ag+ hy
0

which means that the present value of consumption is smaller than the initial total net wealth

which is equal to the sum of the financial and human wealth.

15This is the Yaari, 1965 model.
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w
From now on, we assume that » > 0 and w is constant. Then hy = —.
r

By applying the principle of dynamic programming kd we can obtain explicitly the optimal
policy function
w
¢t =C(a) = (r—’y)(aJr ?>
If & > 1, the rate of growth of net wealth is smaller than the interest

r—p
= — <,
V=g <7

which implies implies that optimal consumption is a positive function of total net wealth, financial

and human, and the propensity to save is endogenously determined as a function of the difference

r—-.
If we substitute optimal consumption in the budget constraint we have

. w
a:ra+w—(r—7)<a+ *)
r
w
=7 (a + *)
r
=v(a—a)
where the steady state level of net financial wealth is the symmetric of human wealth
w
a = —h = —
a 0 .
Solving this differential equation, taking a(0) = a, yields

a*(t) =a+ (ag—a)ert fort € [0,00)

or, equivalently
a*(t) = —hy + (ag + hy) €7t fort € [0, 00).

The optimal consumption trajectory is (¢* (t))sc(o,o0) Where

c*(t) = (r—7) (ag—a)e?, for each t € [0,00)

Therefore, the dynamics of both consumption and asset accumulation depends is determined

by the rate of growth ~y. There are three possible cases:

16 Appendix E
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First case: if the household is less patient than the market, that is if » < p then v < 0 and,
assuming that the initial level of net wealth is above the natural debt limit —hy, = —w/r then its
net asset position will evolve towards the natural debt limit lim, ,  a*(t) = —h, and consumption
will converge to zero, lim,_,  ¢*(t) = 0. This is Case 1 in Figure H Observe that the optimal initial

optimal consumption is such that the household has negative savings
w
¢ (0)=(r—=) <a0+?> > rag+ w.

The household will have negative savings in the adjustment to its steady state position, i.e, ¢* (c0) =
0. This explains why the optimal adjustment path in Case 1 in Figure H is always above the isocline
for a, i.e, the locus of points such that ¢(t) = ra(t) + w.

Second case: if the household is more patient than the market, that is if r > p then v > 0 and, as-
suming that the initial level of net wealth is above the natural debt limit —h, = —w/r then both
the asymptotic level of wealth and consumption will be unbounded lim,_,  a*(¢) = lim,_,  ¢*(¢) =
+o00. This is Case 3 in Figure H Observe that the optimal initial optimal consumption is such that

the household has positive savings at time ¢ = 0
w
c* (0) = (r—”y)(ao—l-?) <ray+w,

and will keep having positive savings along the adjustment path. In this case, there is not a steady
state.

Third case: , if the household is as patient as the market, that is if » = p then v = 0 and,
assuming that the initial level of net wealth is above the natural debt limit —hy, = —w/r, the
solution is stationary a*(t) = a, and ¢* (t) = ray + w for all t € [0,00). This is Case 2 in Figure
H. In this case the household has no incentives for having negative or positive savings, because the
rate of return for savings is equal to the cost, measured by p.

What is the role of the parameter 0 in the solution 7 As we saw the higher 6 is the lower is the
EIS, which means that the cost of transfering consumption between moments in time, in utility
terms, is higher. We see that although it does not affect the sign of ~, it reduces its absolute value.
For any point in time it also increases the propensity to consume out of total net wealth, this means
that savings will be smaller instantaneously and the transfer of consumption between periods will
be smaller as well. Therefore, it tends to generate a smoother behavior of consumption.

The previous results contrast with those we obtained for the finite horizon case. In particular,
it is not possible to have an unbounded net asset position. The reason for this is related to the fact
that the terminal condition is specified as the limit to infinity, and given the fact that it involves

discounting at a rate which is higher, in absolute value, than the rate of growth of the wealth
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Figure 4: Phase diagrams for the dynastic household problem.

position, it allows for an unbounded evolution of net financial wealth. On the other hand, if the
agent is more impatient than the market, i.e, if p > r, the solution for consumption looks similar
to the problem for an agent that depletes a given stock of wealth (i.e, to problem (@))

The previous results were obtained in a partial equilibrium setting. The only case which can be
valid in both partial equilibrium and general equilibrium settings is the last one. This is the case
of a representative agent dynamic general equilibrium (DGE).

In a DGE setting the situation in which an agent could have an unbounded asset position would
be impossible, unless in the economy there is an infinite aggregate net supply of assets, which is
not a realistic situation. Therefore, in a DGE setting, we would expect that an unbounded level of
assets would lead the interest rate to be reduced and possibly converge to the rate of time preference

or to an average rate of time preference. Symmetrically, if a big mass of agents would carry on
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having negative savings an increase of the interst rate would be expected.

3.6 Linear utility and the indeterminacy problem

If the utility function is linear, say u(c) = c it is clear that the elasticity of intertemporal
substitution will be infinite. It corresponds to setting 6 = 0 in the isoelastic utility function. We
will show next that the simple household problem will have an indeterminate solution (i.e, an
infinite number of solutions).

Consider the household problem with a linear utility function

oo
max / c(t)e Pt dt
c() 0
subject to
a =ra—c (P7)
a(0) = ay, fixed

lim e " a(t) >0
t—oo
In this case we write the Hamiltonian function as
H(a,c, gy \) = Agc+ A(ra—c)

where Ay € {0,1} is a number and A is a function of time. The first order conditions (observe that

the Hamiltonian function is a concave, although not strictly concave function of (c,a)) are

AN=Xp-r),teT
= I —pt
0 tlggo At)a(t)e
a =ra—c
a(0) = ay.

Setting Ay = 1 then A(t) = 1 for every ¢ € [0,00), which implies A\ = 0. Therefore, a solution to
this problem does not exist if r # p. A solution only exists if r = p, which we assume to be the
case from now on. Solving the budget constraint and substituting in the transversality condition

we should have a, = fooo e P% c¢(s)ds. As there are no more constraints on the functional form

for ¢(t), as in the case with constant elasticity of substitution, the solution for ¢ is indeterminate.
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That is, there is an infinite number of consumption trajectories that satisfies that constraint. In
particular, a constant consumption path c(t) = ¢* = pa, is a solution.

Setting Ay = 0 then A(t) = 0 for every ¢ € [0,00), which implies A = 0. However, this does
not require that an existence condition is » = p. However, even if we assume that » — p can have
any sign, the transversality condition will be satisfied for any trajectories of ¢ and ¢. Again, the
solution is indeterminate.

From the economic point of view the problem is misspecified. To have an unique solution as
in the previous cases, either we introduce more curvature in the utility function, or we introduce

some adjustment costs in consumption, or bounds in the net asset position of the household.

4 Expected changes in income

In this section we continue to assume the time additive dynastic model and study the effects of
an anticipated and unanticipated changes in income. In the first case, we assume a deterministic
setting, and assume the time of the switch is perfectly anticipated by the household.

4.1 Future changes in income

We consider the problem

() -1
max/ L e~ Ptdt
0

c() 1-6

subject to
ra+w; —c(t), for0<t<r

a(t) = ! ®) (P8)
ra+wy—c(t), forr <t < oo

a(0) = ag given

lim a(t)e ™" >0

t—00

where the switching time, 7, such that 0 < 7 < oo, is known. This can be the case if there are
two stages in lifetime: work/retirement, employed /unemployed. We could also consider the case in
which a change of the interest rates is perfectly anticipated by the hpusehold.

The optimal path for consumption <c*(t)> is such that

te[0,00)

c(t)=(r—r) (a*{ + %) et fort € [0,00),
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where again v = 5%, and the optimal level of net wealth at the switching time is

@'(r)=aj =7 (ag+ "2 (1—e )+ 22 (¢7T —eT)),
T

,
and the optimal path for the net asset position is (a*(t)) for
te[0,00)
—= 4+ (a’{ + %) e7 7 4 (ﬂ — &) e’ for t €[0,7)
a*(t) = w. r r
-2 4 (a’{ + —2) eV (=), for t € [, 00).
r

The proof is in appendix B i Figure B illustrates the possible dynamics for the case in which
wy < wy, and can be compared to the analog phase diagrams in Figure H

The following remarks are important:

First, although there is a jump in the non-financial income w, both paths for consumption and
net asset position are continuous at 7, i.e. ¢*(77) = ¢*(7) and a*(77) = a*(7). This is the case
because the Euler equation is jointly solved with the transversality condition (for ¢ — oo), which
means that the consumption decision at time ¢ = 0 fully anticipates the future change in income.
This implies that the dynamics of asset accumulation, which is specified by the budget constraint,
also responds to the that anticipation.

Second, while consumption is continuously differentiable at the switching time ¢ = 7, the net

asset position is not, yielding %a* (17) # %a*(T). The reason for this is that although consumption
fully anticipates the changes in income over lifetime, when there is a switch in income, there will
be an immediate effect in savings, and therefore in the change in net asset accumulation.

Third, the initial consumption level will be somewhere between the initial consumption levels
associated to permanent non-financial incomes w; and wy, say ¢;(0) and c,(0). If we assume that

w; > wy then optimal initial consumption level c*0 satisfies
* Wy * Wy
e(0) < (0) < (0) = (r—ag+“2) < (0) < (r=lag + “2).

This can be seen in subfigures (a) and (c) of Figure a

At last, the solution tends asymptotically to the solution of a problem in which the non-financial
income would be permanently equal to w, as in the cases depicted in Figure H Observe that, even
in the case in which r = p, the solution will not be stationary, because savings will have to adjust.

However consumption will be stationary.

17This is a two-stage optimal control problem and the first-order necessary conditions and its heuristic derivation
can be found in https://pmbbrito.github.io/cursos/phd/ame/ame2122/ame2021_ lecture5.pdf.
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(a) Case 1: r < p

(c) Case 3: 7> p

Figure 5: Phase diagrams for the dynastic household problem. Solid curves represent the isocline
for a and the dashed curves represent the solution paths associated to w = w; (upper curves) and

to w = wy < wy (lower curves).

4.2 Unexpected changes in income and comparative dynamics

In aggregate terms, in actual economies, one would expect that no agent would have an unbounded
net wealth level, both as a net creditor or as a net debtor, because the individual agent interest
rate would eventually be endogenous to its level of wealth. This means that it will become a large
agent, if it is a creditor, or eventually it will face a borrowing constraint, if it is a debtor.
Therefore, if we consider problem (@) as representative of an aggregate economy the natural
case to take is the second, that is the case in which r = p. This is indeed the simplest model for a

small open economy facing perfect international capital markets.
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In addition to those already presented, another reason for considering infinite horizons is related
to the use of this model as (or within) an aggregate business cycle model in which we are interested
in studying deviations from a stationary trend. We can show that the infinite horizon version of
the previous models produces stationary solutions, i.e. steady states and deviation from steady
states.

In this section we study the comparative dynamics for a shock in the non-financial income w, in
order to discuss the theory provided by this model on the relationship between consumption and
income. Furthermore, we want to have a comparison with the same type of results for the habit
formation model that we present in the next section E

There are two types of changes in income with a bearing on the solution of this model: antici-
pated and non-anticipated changes. Anticipated changes are already incorporated in the solution
of the model, as we saw in the previous subsection. Non-anticipated changes can be seen as shocks
occurring at time ¢ = 0 and we can adapt the results of the previous section to study that case.

However, we dedicate this section to the study of non-anticipated changes by a comparative
dynamics exercise. In the rest of this subsection we consider again problem (@) in the case in

which r = p. The optimality conditions are

a=pa+w—0C(qg) (9a)
i=0 (9b)
c(t) = Clq) = q(t)™7 (9¢)
a(0) = ay, (9d)

which comprise the instantaneous budget constraint, the adjoint equation, the static optimality
condition and the initial level for the net wealth.

From equation (@) as net wealth a is given initially, we call it pre-determined variable, and the
adjoint variable ¢, or consumption ¢, which is monotonously related to ¢ by equation (@), as is a
non-predetermined variable. As q(t) = u’(c(t)) (@) can be equivalently written as % =0:
marginal utility is constant.

Equation (@) implies that ¢ is constant, which implies that c is constant as well, as we saw in
the last section. Therefore, there are potentially an infinite number of steady states, from equation

(@), comprising all combinations of a and ¢ that satisfy
c=pa+w

However, from the fact that a is pre-determined we can tie down the steady state which interests
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Figure 6: Effect of a non-anticipated increase in income. The line corresponds to the isocline for a,
¢ =w+ pa. A shock in income, w, moves the isocline up, leading the economy to jump from point
A to point B.

us to be

c=C(q) =pay+ w.

This steady state value for ¢ is dependent on the value of non-financial income w, which lead
us to write ¢ = ¢(w).

A comparative dynamics exercise asks the following question: given an initial value of w, say
wy, what is the effect on the solution to the problem if wy increases to w; = wy + dw, starting from
a steady state 7

In the appendix @ we prove that the multipliers are

de(t) = dw
for any t € (0, 00),
da(t) =0

that is, consumption immediately and completely adjusts to innovations in income, which means
that they are perfectly correlated. There is no transitional dynamics. A phase diagram is presented
in Figure B
Therefore, in the benchmark infinite horizon model of the household behavior, in a deterministic
setting, non-anticipated changes in income will be immediately spent in consumption. Therefore,
this model displays a counterfactual perfect correlation between consumption and income and a

potentially volatile behavior of consumption.
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This is a consequence of the assumption r = p, which is what one would expect to be the case
for a representative household in the long run.

Thus, we need some mechanism allowing for an incomplete translation of income shocks to
consumption expenditures changes, if we were interested in replicating a consumption adjustment

closer to stylized facts. Unfortunately this comes at a cost of increasing the dimension of the model.

5 Intertemporally dependent preferences

There are several ways to introduce intertemporally dependent preferences.@ In this section we
consider the habit formation model.

There are two types of models dealing with habit formation: the internal habit formation (also
called habit persistence) model and the external habit formation model. In the first type of models
household have an internal pattern of consumption that only changes marginally and in the second
they follow an external pattern of consumption. While in the first the pattern of consumption, or
habit, is built over time internally, in the second type of models it is an externality. This is why
the second type of habits involve ”going along with the Joneses’ (see Abel, 199(0). In this sense,
classifying the two types of models within the same category can be misleading

Next we present the preferences under (internal) habit formation, in subsection El! and in

subsection we extend the previous household consumption model with habit formation.

5.1 Preferences under habit formation

In section E, we saw that if the intertemporal utility functional is additive, in the utility of con-
sumption for different moments in time, it displays intertemporally independent preferences, in
the sense that the history of consumption until time ¢, i.e., ¢! = (C<S>)Z:o’ does not influence the
valuation of consumption at time ¢, u(c(t)). We also saw that this leads to large shifts in consump-
tion after innovations, which is counter-factual. In the habit formation utility functional past
consumption affects the evaluation of consumption for every point in time.

Assume that the household has a consumption pattern, that we call habit, and denote by h(t).
Habits are formed from past consumption. Therefore, in this model, current consumption c(t)
has two effects: first, it is an immediate source of utility, and, second, it marginally changes the

pattern of consumption. In this sense there is a "technology” in changing habits through current

8For the relationship between the habit preference model and alternative specifications of intertemporally depen-
dent preferences see Shi and Epstein, [1993. On the relationship between addiction and satiation see lannaccone,
1986.
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consumption which we assume to be linear and have a parameter 7. However, habits record the
past consumption history with some rate of decay which we assume to be also equal to 7.

The following version is a simplified version of the model:E

T
U[c] :/0 u(c(t),h(t)) e Ptdt

where h(t) is the habits at time ¢, which are

h(t) = e_"t<h0 + 17 /t e® ¢(s) ds)

0

where 1 > 0 represents both the effect present consumption in the stock of habits and the rate
of decay (or forgetting) of habits. This is a stock (pre-determined) variable which can be seen as
the solution to the problem
h=mn(c(t)y—h) forteT
h(0) = hy fort = 0.

In this case the utility at time ¢ is a function of the consumption and the habits, u(t) =

u(c(t), h(t)), where we assume that the marginal utility of consumption is positive u.(c,h) =

du(e, h du(e, h
Bule,h) > 0 but the marginal utility of habits is negative wuy(c,h) = ug};) < 0. We also

c
assume that the utility function is continuous and smooth.
Using the concepts introduced in section E, the marginal utility for consumption at time ¢ is

now

U, = dU[e;t] =e*t (uc(c(t), h(t)) +n / e~ ) 5=y, (¢(s), h(s)) ds) , forany t € T.

t

where t = max T. The intertemporal marginal rate of substitution between t, and ¢, = ¢, + 7 is

now

e (1 (clto), hlty)) +n [ 0 (o), (c(s), h(s)) ds)

IMRS, , = -
o up(e(ty), h(ty)) +n [ emte) s=tu, (e(s), h(s)) ds

For a stationary consumption path, such that ¢(t) = ¢ and h(0) = ¢, implying h(t) = ¢, for any
t €T, we find &
U, = dU[gt] =e Pt U

9The first papers are Wan, 1970 and Ryder and Heal, 1973.
20Setting hy = ¢, we find h(t) = ¢ for any t € T and therefore, we write u,(¢) = u.(¢, ¢) and wu,(c) = u,(c,c) .
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where we define

n puh<c_)

and assume that U’ > 0. For any other moment in time ¢’ = ¢ we have the marginal utility
Uy =e? U,
This implies that the IMRS, , = e”" is the same as in the additive model, which means that
preferences with habit formation display impatience as in the additive model.

The change in marginal utility is now given by the second-order functional derivative

U, , = 62U[e;t, t] =

irlj 77 g
=ne (/emﬂ))(tt") Uhc(c(t)ah(t))dt‘i'ﬁ/e(Mp)(tti)Wtj) uhh(c(t>ah<t)>dt)
t; t;

and for a stationary consumption path, we find

where we define

U” = uhC(E) + m uhh(c_).

The Allen-Uzawa elasticities, associated to a stationary consumption path, depend only on the

time difference between ¢t and ¢’

U, pc ,
€y =— EJ = e (P ¥ =tg, ()
t
where we define B
. nU%¢
o, (€)= — T

As e~ (Pt (=) ¢ (0, 1) then we have intertemporal substitutability if U” < 0, implying ¢,,(¢) > 0,
independence if U” = 0, implying o}, (¢) = 0, and intertemporal complementarity if U” > 0, implying
o,(c) <0.

As, in general 0;,(¢) # 0 then, using the definition of the elasticity of intertemporal substitution

given in equation (E), yields

1 14
EIS, ( e ).

ot T g (@) \1+erm—2e (P07
Comparing with the additive model, in this case the EF1S can have any sign, depending on the

elasticity o, (¢), and its magnitude is a function of the lag between the two moments, 7. If there
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1
is intertemporal substitution we see that lim 4 EIS,;,, , = +oo and if lim__,  EIS,, = T,
’ ’ oplC
which means that for any 0 < 7 < oo, the intertemporal elasticity of substitution will be bigger in
1
absolute value than the inverse of o;,(c), ’E[St | > o (@)’
’ oy (c

There are two benchmark utility functions displaying habit formation in the literature: the
additive habits model (see Constantinides, 1990),

u(e,h) =v(c—Ch), for ( >0
and the multiplicative habits model (see Carroll, 2000)
u(c,h) =v(ch™¢), for0 < (<1

where ( measures the force of habits, i.e, the relative weight of habits as regards present consump-
tion. In both models the utility of consumption is measured against the change of a monotonous
function of habits.
If we assume multiplicative habits such that
1 —6
u(c,h) = —— ((c h*C)l — 1) (10)
1—0
and evaluate it at a stationary path such that h(t) = c(t) = ¢, for any ¢, then we obtain
U/ — (77(1 - C) +p> E<(971)70 >0
n+p
U// — <<(9 B 1)()0 +1n (2 B C)) + 77) 5((9,1),9,1 >0
2n+p

if 6 > 1 and 0 < ¢ < 1. Therefore,

(n+p)((9—1)(p+n(2—0)+77)
(2n+p)(n(1—=C)+p)

which means that this model displays intertemporal complementarity (in the Edgeworth-

04(6) = = ¢ <0 (11)

Pareto sense).
Exercise Prove this.

Exercise Find the EIS of the additive habit formation model where

u(c,h) = ﬁ((c —Ch)lie — 1)

and find its intertemporal dependence properties.
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5.2 Partial equilibrium under habit formation

The extension of the household problem (@) with habit formation becomes:
m(a)x/ u(c(t), h(t)) e Ptdt
) Jo
subject to
a(t) =ra+w(t) —c(t), fort e R,
h(t) =1 (c — (P9)
h(t) =n(c—h)fort € R,
a(0) = a, given
h(0) = hy given
lim a(t)e " >0
t—00
where, if we assume the multiplicative habit formation model, we have u_(c,h) > 0, u,(c,h) < 0,

Uee(c, h) <0, ugp (e, h) = up.(c,h) >0 and uyy, (¢, h) has an ambiguous sign.
Exercise Compute those derivatives for the general case and for the case in which ¢ = h.

Observe that we now have two state variables, ¢ and h and just one control variable ¢. This
means that we have two initial conditions, one for each pre-determined (or state) variable, a(0) = a,
and h(0) = hy.

Assume from now on that r = p. This implies, using the intuition from subsection @, that the
consumption path is bounded, and therefore the stock of habits is bounded as well.

The current-value Hamiltonian function is now
H = H(c,h,a,q;,q,) = ulc,h) +q,(pa+w—c)+q,n(c—h)

where ¢, is the adjoint variable associated to the stock of net wealth a and g, is the adjoint

variable associated with the stock of habits h.
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Using the Pontriyagin’s maximum principle the optimality conditions for problem (@) are

a=pa+w-—c, (12a)
h=mn(c—h), (12b)

4o =0, (12¢)

dn = (p+n) a — uylc, b), (12d)

u,(c(t), h(t)) = q,(t) — nqp(t), (12e)
a(0) = ay, (12f)

h(0) = hg (12g)

and the transversality conditions.

As in problem (@), with an intertemporally additive utility functional, the static arbitrage
condition ([124) can be implicitly solved for optimal consumption. Consumption is not only a
function of shadow value of net financial asset, as in problem (E), but it is also a function of the

stock of habits and of its shadow value

Cc= C(h7qa7 Qh)a
with partial derivatives
u,y, (c,h) 1 n(c, h)
Cp=—-"<L""750,C =—"—<0,C =—"""_>0.
DT e (eh) T T T (el S e T T (eh)

Therefore consumption decreases with the shadow value of the financial asset but increases with
both the level and the value of the stock of habit.

As we are interested in comparing the dynamic comparative statics properties of this model
with the non-habit formation model, studied in subsection @, we deal with the case in which
the initial condition is a steady state, and introduce a perturbation in non-financial income from
w = wy to w=w; = w, + dw.

As in that model equation () implies that the steady state exists but there is potentially an
infinite number of steady states. Furthermore, equation (), evaluated at the steady state yields
¢=h.

Anchoring again the steady state by the initial value of financial wealth a, a steady state only
exists if the initial value of habits satisfies h = hy = pay + wy, which we assume is the case from

now on.
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Therefore, the steady state, for w = w, is determined from the equations

a=ag (13a)
h=hy = pay + w, (13b)
c(wg) = pag + wy (13c)
i) = o) (130)
Ga(wo) = u,(&(wg), hy) + p”Tn wp (&(wy), ho) (13¢)

This steady state, projected in the space (a,c) is shown by point A in Figure B

Assuming a multiplicative habits model with utility function

1-6
(eh™¢) " —1
h) =
u(e, h) T

we find the steady state values for ¢, and g,

~_ptn(1=90 ~0(1-¢)~¢

a= W(wo + pag)

_ ¢ ~0(1-0)~¢

= ——(wy + pa
qn - p( o + pag)

Exercise Prove this.
Exercise Find the steady state for the additive habits model.

The Jacobian of the MHDS, evaluated at the steady state is a four dimensional matrix which
can be found in Appendix @ This Jacobian has four eigenvalues, one is equal to zero, another is

equal to p (as in the additive model), and we have two more eigenvalues

L R

In the appendix @ we prove that

(p+ )i, + (217_+ p) (U, + 1y, ) )

Sz—n<

cc
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If S <0then A\, <0< A, b1 and the model can display transition dynamics converging to a
steady state.

Using the notation same notation as in subsection EI we can write

g _n@+p) ( p+n ﬂcc+U”)
Uge 2n+p
which means that S is negative if consumption is intertemporally substitutable or independent,
i.e., U” < 0, or if it is intertemporally complementary, i.e., U” > 0, the concavity of the utility
function u,, dominates the intertemporal complementarity effect.
For the multiplicative case we found that there is intertemporal complementarity (see equation

(EI)), and, furthermore, we also have

Clp+n1=9) (00 -+
0

which means that we have the last case: although there is intertemporal complementarity, if

S =— <0

0 < ¢ < 1, it is dominated by the decreasing marginal utility relative to instantaneous consumption.

115+
1.10/7
1.05

I I I I Lot
20 40 60 80 100

(b) Trajectories for income (upper curve)

08 ‘ N ‘ ‘ . and consumption
10 12 14 16 18 20 22

(a) Phase diagram

Figure 7: Effect of a non-anticipated increase in w in the habit formation model

It can be shown that if there is an increase in the wage rate by dw > 0 the (linearly approximate)

dynamics that unfolds is the following (see Figure H)

21These two eigenvalues also satisfy A, + A, = p and A, X, = S.
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1. at the time of the shock consumption increases discontinuously from point A to point B;
2. this introduces a change in the stock of net wealth but also a change in the stock of habits;

3. however, as the stock of habits only changes slowly, the increase in wage is not completely

used in the purchase of goods, which generates positive savings;

4. changes in savings increases the stock of net wealth which increases further consumption, the

stock of habits and savings;

5. eventually, a new steady state will be reached. A new steady state, depicted as point C' will

only be reached when we have again ¢(w;) = h(w;) = a(w,).

There are two noteworthy dynamic features of this model. First, there is a mechanism for
stability which takes the form of a decay in habit formation (in equation h = 1 (¢ — h)). Second,
this model still has a degenerate nature related to the fact that the interest rate is independent of
the level of net wealth of the agent and we have assumed it is equal to the rate of time preference.
We deal with the degenerate nature of the model by ”anchoring” the solution. Differently from
the the time-additive case, we do not anchor the solution to a, but by a steady state relationship
between the stock of habits and net wealth by h = pa + w.

The lower subfigure in Figure H shows the (approximate) trajectories for income y(t) = pa(t)+w
and consumption after the shock in non-financial income. As can be seen, they are positively but
not perfectly correlated, and consumption has a slower adjustment, for the reasons just explained.
This type of behavior replicates more closely the stylized facts than the additive model, which is
the reason why habit formation is usually incorporated in applied DGE models addressing policy

issues.

6 Endogenous labor supply

Up to this point we assumed that non-financial income is exogenous. The models which were
presented cover the case in which non-financial income is composed of wages and the labor supply
is inelastic, that is, labor supply is independent of changes in wages.

In this section it is assumed that labor supply is endogenous. We present next two extension,
which are related to time use. In subsection @ we present a model in which there is a choice of

labour or leisure, and in subsection @ the choice of working or tudying.
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6.1 Choice between labor and leisure

Working has a benefit, because it increase non-financial income, but has a cost, because in
most cases working involves (not necessarily pleasant) effort. A benchmark approach is to consider
that labour takes time from leisure (or any other pleasant not-for income) activities. We formalize
the value that the household attaches to those activities by assuming that they enter the utility
function. We thus assume that the utility function is u(c, £), where ¢ is consumption and ¢ is the
effort dedicated to work. Therefore, we assume that u.(c,?) > 0, u,(c,f) < 0. We assume that
there are diminishing marginal utility on both activities, by requiring u..(c, £) < 0 and wu,(c, ¢) > 0.

Keeping the previous relevant assumptions, we have the problem

max u(e(t),£(t)) e Pt dt
max [ (e, 1)

subject to
a =rat+wl—c (P10)
a(0) = ag given

lim e "t a(t) >0,

t—o00

where w is the wage rate per unit of labour effort. We use labour effort instead of hours worked in

order to simplify the problem.@

The MHDS
a=pa+wl—ec, (14a)
B u”(c) B
- ’U/(C) (p T)a (14b)
0= ug(c,ﬁ) + wuc(67£)7 (14C)

includes the budget constraint, equation (), the Ramsey-Keyne rule, equation (), the arbi-
trage condition between consumption and leisure, equation (), and the initial and transversality
condition.

Equation (), allows us to find, explicitly or implicitly, the labor supply as a function of
consumption and the wage rate £ = L(c,w). If we accept the common assumption that the utility
function is additively separable: u(c,f) = u(c) — v(€) where u”(¢) < 0 < w’(¢) and v'(£) > 0 and

22 An alternative modelling considers time allocation instead of work effort. Time allocation, of hours to working

and leisure, introduces a mathematical complexity in the model, in a form of a static constraint.
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v”(£) > 0, then the labor supply is negatively related to changes in consumption and positively

related to changes in the wage rate

. u(c)w at  u'(e)
cae v “0 = T e 70
In particular if
=0 1 JASES

u(e) =

then the optimal labor supply function is

= "O=17¢

1
{=Lc,w) = (wc’e )E (15)
where 1/¢ is called Frisch elasticity, which represent the elasticity of labour supply to changes in
the wage rate. We can see that because of both the decreasing marginal utility of consumption and
of the increasing marginal utility of leisure (or decreasing marginal return of labor) an increase in
consumption leads to a reduction in labor effort, because for high levels of consumption a further
increase in labor effort, which would increase non-financial income, becomes less valuable and
because leisure also becomes relatively more valued.
With this specification of the utility function, the optimality conditions become

1+
3

a=ra+w cfg—c, (16a)
=5 (r=p). (16b)
a(0) = ag, (16¢)
0= tlggo c(t)™? a(t)ert. (16d)

Assuming that p = r, and using the same approach as before, we find that the optimal solution

for financial wealth, consumption and labor supply is constant over time
a*(t) =ag, for all ¢t € [0,00)
c*(t) =c*(0), for all t € [0,00)
(1) = (w c*(0)~° )

where the initial level of consumption is

1
3

1+€ 9
3

c ¢ }

cannot be determined in explicit form. Figure E illustrates the phase diagram, which can be

c*(0)={c: c=rag+w

compared to Figure @ panel (b). As the labor effort increases with the reduction in consumption

the isocline @ = 0 becomes flat for small positive (or negative) values of a.
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Figure 8: Phase diagram for the endogenous labor supply model for r = p

6.2 Human capital accumulation

In this subsection we consider another extension of the previous problems in two dimensions:
first, we explicitly consider household’s human wealth in addition to financial wealth; second, we
consider the time use between working and learning (education or training), which implies that
labor supply is endogenousE.

We introduce two new elements. First, the non-financial income is w ¢, where ¢ is the working
effort, and the wage rate is an increasing function of human capital w = W (h), with W’(h) > 0;
second, human capital production depends on the time allocated to learning and on the level of
the previous human capital level, and as there is natural depreciation, the accumulation of human
capital is modelled by equation

h=F(l,h)—dh,

where F, (-) < 0 and Fj, (-) > 0 and ¢ > 0. Then, more time to work means less time to training
and a reduction in human capital, and increasing in human capital is incremental in the already
attained level of human capital. We additionally assume that F,, (¢,h) < 0 and Fy, (¢,h) > 0.

This adds a new state variable to the household’s problem, where for simplicity, we do not

23For initial contributions to this literature see Ben-Porath, and Heckman, . See Mincer, for a
survey and Cahuc and Zylberberg, is a textbook on labor economics.
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consider leisure time
max u(c(t)) e Pt dt
max [ (e
subject to
a =rat+W(h)l—c
h = F({,h)—bh (P11)
a(0) = a given
h(0) = hg given
lim e "t a(t) >0,

t—o0

lim e "' h(t) > 0,

t—o0

This is an optimal control problem with two state variables, a and h, and two control variables,
c and £. There is clearly a trade-off in time use: if time dedicated to learning increases, there is
a reduction in the immediate labor income, which can be compensated by an increase in human
capital, and, therefore, in the future wage rate. For simplicity, it is assumed that the only cost of
training is the reduction of working time, and therefore wage income. In any case, some training
is necessary because we assume that human capital depreciates (because of physical or knowledge
depreciation a a result of technical progress).

As there are two state variables, we have to introduce two co-state variables, ¢, and g,,, valuing
a and h respectively, yielding the Hamiltonian

H(e,l,a,h,q,,q,) =u(c)+q, (ra+W(h)l—c)+q, (F(l—ﬁ,h)—&h),

and the first-order condition for optimality

u'(c) =g,

4 W(h) +q, Fy (¢,h) =0

do =(P—7)4,

d, —(p+5 Ey (€h)) g — W’ (h) Lq,
Jim e g, () alt) = 0,

Jim et g (t) h(t) =

plus the feasibility conditions. If we define the relative value of human capital relative to financial

—Qh

capital by v = Z& obtain, from the first two optimality conditions, an arbitrage condition between
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working and training

vE, (¢,h)+W(h)=0.
From this equation we obtain, explicitly or implicitly, the work effort supply ¢ = L(v, h) where

’UFZh (g, h) + W/<h>
vy, (6 h)

I = Fé(eah)

- e B 0
! v Fy (6, h) ”

<0, and L; =—
with the previous assumptions on the training function F'(-). With the previous assumptions, the
work effort decreases with the relative value of human capital, and increases with the human capital
level. The first effect is related to an incentive effect to dedicate more effort to learning, i.e., future
increases in human capital, and the second effect is related to the increase in the wage rate resulting
from the present level of human capital. There is thus a trade-off between present and future human
capital.
Then the MHDS becomes

a=ra+W(h)L(v,h) —c, (17a)
h = F(L(v,h),h) —dh, (17b)
b=wv(r+06—F,(L(v,h),h)) — W'(h) L(v, h), (17¢)
e= 2 (o), (17d)
lim et u/(e(t)) at) =0, (17e)
Jim e Pt u(c(t))v(t) h(t) = 0. (17f)

In order to obtain solutions to a version of this problem, we assume the following wage and
training equations .
W (h) = wy h, and F((,h) = B ((1 —0) h)

where w, > 0 is a base wage rate, B is the productivity for training activities, and 0 < n < 1. We
et —1
1—0

also assume a isoelastic utility function u(c) =
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Assuming those specific functional forms, and p = r, equations ()—() simplify to

a=ra+w, (h(anU>l_ln>c, (18a)
0
h:B(nva)lnn—dh, (18b)

0= (r+0)v—w,, (18¢)
¢ =0, (184)
(18e)

)

lim et ¢(t)™? a(t) =0,

t—o0

lim et c(t)~v(t) h(t) = 0. (18f

t—o00

We can show that the solution to the household’s problem is
a*(t) =ag+v (hg—h) (1—6_‘” )

h
(t)y=1-9§
where the long run levels for v and h are
_ w - 1 /nB \t%
= d h=—
YT re ™ 5 (T—i—é )

Exercise Prove this.

The steady state relative value of human capital is the present value of the base wage, wy,
discounted by the sum of the rate of return to capital and the depreciation rate of human capital
(r+96). The steady state of human capital is a positive function of the productivity of the training
system, B, and is lower the higher depreciation rate of human capital §.

With perfect capital market and r = p, we have again the result that the optimal consumption
is constant. However, in this case, consumption is a function of total, financial and human, wealth
, ag + v hy, and of the efficiency of the training system, measured by the term 1 —n B. However,
defining the optimal initial human capital as the given initial human capital plus the present value

of the future net increases in human capital through training,

5(1—nB)h
By = hy 4 S0 B)R - L
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then we still have consumption as a function of total wealth
c*(t) =r(ag+7v hy), for te0,00).

With the exception of the adjustment in the human capital stock, if the initial level is not
optimal, i.e., if hy # h, we see that the optimal policy is to adjust training, and therefore, the
human capital stock over time. For instance if hy < h then h*(0) = hy < h, the effort dedicated to
training is higher than in the steady state, because 1 — £(0) = § h% Over time there is an increase

in human capital and in total wealth a*(t) + vh*.
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A functional derivatives

There are several different ways to present the idea of the derivative of a functional, some more
mathematically correct and some more informal, as is the case in physics or mechanics. We follow
Gel’fand and Fomin, 1963 which presents a good compromise between those two approaches.

Assume we have the space of functions &, i.e., a collection of functions sharing some common
property, for instance, continuity, differentiability, boundedness, etc. Every element of &, for
instance f, is a mapping between a space X and a subset of the space of real numbers, that is
f: X CR — R. A functional is a mapping between the space of functions and the set of real
numbers F : F — R.

Examples The following functionals are common examples in economics:

Flf] = /X f() da,

Flf] = /X u(f(x), z) de

where u(-) is a function, or

where f’(-) is the derivative of function f(-).
There are two concepts of derivatives related to functionals.
Consider a perturbation in function f from f+ f+0f. A Frechet derivative of functions F[f],
denoted by 0F[f] is defined from

L FL 4+ 8f] —FA) = oFAl
0f—0 5f
where || - || is the norm of space F.

A more useful concept is the concept is the Géateaux derivative. It is an extension of the
directional derivative for functions. Assume that we introduce a perturbation on function f — f+ep
in which ¢ is a function, ¢ : X — R and € > 0 is a number.

The first variation of a functional is

dF[f;¢] =F[f +e¢] —F[f]

and the functional derivative (in the GateUx sense) is analogous to the concept of derivative for

functions: JF(f-
OF[f;¢] = lim M
€

e—0
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If the functional involves more than one function we may write 6, F[f, f2; 1, ¢o].

In regular cases, in order apply this concept, we perform a first order Taylor approximation

F[f+ep] =F[f] +0F[f;¢] €+ o(e?)

lo(e)|

emoo 2 0.
Performing a second order Taylor approximation we find

where lim

Ff+ep] =F[f] +F[fi¢] e+ °F[f; %] €% +o(e?).
However, we can distinguish between the "own” second order functional derivative
OF[f +e ;0] = OF[f19] + 0°F[f;4°] * + o(e?)

lo()]]

where lim__, . ———=— =0, and "crossed” second order derivative
£

OF[f +e¢’s 0] = OF[f; 0] + 0°F[f; 0, 0] € + o(e?).

Examples For the previous examples, and assuming that ¢(x) = 0 for x € 90X, where 0X is

the boundary of X, we have
Filfidl = [ 1) elo) do.
X

5F5[f; ] :/X 8U(g(;),x) p(x) da

and, if f belongs to a space of differentiable functions, which means that so ¢ does,
oU(f'(z), f(z),2) U (f'(2), f(x),2)
OF3lfie] = / ; p(x) +
sl = | (55 () o
For the last case we have the second order functional derivative

0? x), T
0%Fy [f5¢] :/X Ug;2)’ ) ¥?(x) da.

(p/(:n)) dx.

A particular case of perturbation is the "spike” variation. In this case the functional derivative

is sometimes called the Volterra derivative.
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Consider an element of the domain of function f, say " and introduce the variation df(z) =0
if x # 2’ and df(z) = e if z = 2’. We can write this as a perturbation f + f+ed(z —2") where §
is Dirac’s delta generalized function. It has the property [ d(z —z’) f(z)dz = f(2”).

Applying to the previous examples, we find

5F [ f1 2] = /X f(2) 6z — ') do = f(a') (19)

e e

B Necessary conditions for problem (P2)

r=x

We introduce the functional, noting that a(t) + ¢(t) = 0,

T
U(le ag) = / ule()) e — A(#)(a(t) + c(t)) dt

where we introduce an adjoint multiplier A : T — R, . Its introduction involves a penalty
associated to the reduction in value brought about by the budget constraint. Because there is now

a constraint introduced by the initial value of the stock, we call value function to

T
V(ay) = maxU([el. ag) = U([e").ag) = / u(c* (1) et — A(t) (@ (t) + (1) dt.

Assume we know the optimal path (c¢*(t), a*(t))teT. We introduce perturbations in both functions
c*(t) = c*(t) + ¢ (t) and a*(t) — a*(t) + ¢, (t), such that ¢,(0) = 0, because a*(0) = a; is not free.

The value functional, for the perturbed paths, is now

T
Ule" + .l ag) = /0 u(c(t) + (1) €77 = M) (e (1) + o (t) + @ (1) + @, (1)) dt.
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The first variation becomes,
(e = [ (W @rer = xD) et - M0, 0) d

T T
— [ wemer-amyemd- [ Awg, b
0 0

= (using integration by parts)

T

T
+ /0 A (), (t)dt

= (noting that ¢,(0) = 0 for an admissible perturbation)

T
= [ wiemer - xm)endt - xve.)

t=0

T T.
= [ @iewner 2o e dt— Mo + [ 5 @e, e
0 0

Using integration by parts and the fact that ¢, (0) = 0. At the optimum (c¢*(¢), a*(t))teT is such

that 6U([¢*]) = 0. The first-order conditions are thus: u/(c*)(t) e ?* — \(t) = A(t) = 0, for t € [0, T]
and A(T) = 0. Integrating A(t) = 0 we find A(t) = constant for every ¢ € [0,T], but as A\(T) = 0
then A(t) = 0 for every ¢ € [0,T]. Therefore u’(c*)(t) e ?* = 0 for every t € [0,T] as in ()

C Necessary conditions for problem (@)

The (penalized) utility functional is

U([e]. ap) = / (ule(®) e = A(B)(a(t) + c(t)) + n(t)(a(t) — a) ) dt

where we introduce a multiplier n : T — R, associated to the instantaneous constraint on a. The

complementary slackness conditions should also hold
n(t) >0, n(t)(a(t) —a) =0, for everyt € T.

Using the same method as in section E, the perturbed value functional is

Ut a0) = [ (e (0450 MBI (0 14 (02,8 +0(0)(a" (02, 0)-a) .

Then, using the same procedure as before, the variation if the functional is

T T
du([e]) = / (w(e @) e = A1) wolt) dt = MT)p, (T) + / (A () + n(t))pa ().
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Therefore the f.o.c are u’(c*(t)) e " = A(t), A(t) = —n(t), for t € [0,T], and A\(T) = 0, together
with the complementary slackness conditions. Observe that A\(¢) = A(0) — fot n(s)ds. As n(0) =0
because a, > a, and, as we discuss in the main text n(t) = 0 for t € [0,7"), and n(T") > 0 because
a(T) = a, then \(t) = n(T) for t € [0,T"), which means there is a discontinuity for A at ¢t = T'.

D Necessary conditions for problem (@)

We can find the necessary (in this case also sufficient) optimality conditions for problem (@) by

using the Pontriyagin maximum Principle. As the Hamiltonian function is

o 0119_01 +q(ra—c)
we have
a=ra—-c fort € [0,T]
¢=9.c fort € [0,T]
a(0) = ag given fort =0
c(T)a(T)—a)=0 fort="T
where the rate of growth of consumption is v, = r ; P Solving the Fuler equation we have

c(t) = ¢(0) 7', Substituting in the budget constraint, together with the initial condition yields

a(t) = e”(ao + 7i<2>7“(1 — e”c""”)), fort € [0,T]

If ¢(0) > 0 and finite, then ¢(7") > 0 and finite, which implies that the transversality constraint
only holds if a(T') = a. Therefore, we can find ¢(0) by solving the equation

c(0)

(&

Q (1 — e’Yc_T)T>

Then we obtain equations (@) and (a)

E Obtaining the optimal policy function

Using the principle of dynamic programming, the necessary (and in this case also sufficient) condi-
tions for an optimum are represented by the HJB (from Hamilton-Jacobi-Bellman) equation for a

deterministic discounted infinite-horizon optimal control problem

pv(a) = m?x{ u(c) +v'(a) (ra—i—w—c)}
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1-6 _q
1-6

(&

where u(c) = . The optimum condition is

where the policy function is
c=Cla)=0'(a) s

Then the HJIB equation becomes a implicit ODE

v (a)T —1

pv(a) = - +v'(a) (ra+w—v (a)*§>,
that can be written equivalently as
p(1—0)v(a) +1=1(a) <evf(a)—% T (1—0)r (a v %)) (21)

To solve this equation we use a conjecture on the shape of the solution (and apply the method of
undetermined coefficients).

We assume that trial function

w 1-6
o) = =5 (B(a+ ) —;)

where B is an undetermined coefficient. It our conjecture is right we should be able to determine
it as a function of parameters by substitution this conjecture function in equation (@)
Upon substitution yields the equation
1

p=0B"74+(1—-0)r

that we solve for B to obtain

B=(r—~)% for 'y:%.

Therefore, our conjecture was right and the value function is

o) =i (o 2) )
As »
V@=r-7"(at+>)

substituting in the policy function, yelds

¢t =C(a)=(r—7) <a+%>.
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F Two-stage problem

Consider a dynastic household problem in which the non-financial income has a switch at a known

time 7 € (0, 00) such that
y,, for 0<t<r
y(t) = {

Yo, for 7 <t < o0,

where y; # y,. This can translate income associated to employed /unemployed or work /retirement.
The household problem is
ncl?)x /OOO u(c(t)) e Pt dt
subject to
a =ra+y(t)—c, te[0,00) (22)
a(0) = a, given

lim et a(t) >0

t—o0

where r > 0 is the interest rate, p > 0 is the rate of time preference. We assume that the utility
function is iso-elastic u(c) = (1—0)7! <01_0 —1), for # > 0 and also assume that (§—1)r+6p > 0.
As referred, we solve the problem backward the problem in two steps and obtain the final

solution by using the using the matching condition

First step: terminal stage We solve the problem for the interval ¢ € [t;,00) assuming we know

the initial value of the state variable a(7) = a,. The problem is
[ee]
max / u(c(t)) e Pt dt
) Jr
subject to
@ =ra+y,—c, t€[r,00)
a(T) = a, assumed to be given

lim e " a(t) > 0.

t—o00

The Hamiltonian for this problem is

Hy(t) = Hy(a(t), c(t), Ay (t)) = ulc(t)) e7?* + Ay(t)(ra(t) + y, — c(t), for t € [r,00)
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and the necessary (and in this case sufficient) conditions for an optimum are

c(t)™? ePt = N\, (1), t € [1,00)
Ay = =7 Xy, t € [7,00)
a =ra+y,—c,
a(t)=ay, t=r71

lim A, (¢)a(t) =0.

t—o0

Solving the Fuler equation and using the optimality condition we find

c(t) = c(r) e’
Ao(t) = c(1)70 erPlt=7),

The solution of the budget constraint is

a(t) = "7 {al +e'm </t (yy — c(s))ds)}

Substituting the solution for ¢ this is equivalent to

t
e ") a(t) =a; +eT (/ (yy — (1) 67(5_7))(13)

where ¢(7) is unknown. Multiplying by the solution to A,(t) and using the transversality condition,
and assuming that » > 0 and r — v > 0, bd we find the optimal consumption at the time of the
switch

()= (r—-7) <a1 + %)

Therefore, after the switch we obtain

c*(t) = (r—=) (al + @> T T <t < oo
r

a*(t) = _Y + (al + @> T <t < 0
r r

and the value for the co-state variable at the time of the switch is

Ao(r) = (1= ) (0 + yj))e e,

where a*(7) = a; is unknown at this state.

241f this condition is not satisfied, there will be no solution to the problem.
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Second step: initial stage

The problem is

<)

subject to

max /OT u(c(t)) e Pt dt

@ =ra+y, —c, te[0,7)
a(0) = a, given

a(77) = ay assumed to be given

where a(77) = lim,, a(t).

The Hamiltonian for this problem is
H,(t) = Hy(a(t),c(t),\ () = ulc(t)) e + X\ (t)(ra(t) + y, —c(t), for ¢ € [0,7)
and the necessary (and in this case sufficient) conditions for an optimum are

c(t)™ et = \(), t€0,7)
>\1 =—r\, te(0,7)
a =ra+y, —c,

a(0) =ay, t =0.

Solving the Euler equation, substituting for consumption, and solving the budget constraint, subject

to the initial net asset position ay we find
c(t)y =c(0) e, t €[0,7)

a(t) = et (ao + /Ot e (y; —c(0)e”®) ds)

where ¢(0) is unknown, and

Final step
Up until this phase, we have two unknowns: ¢(0) and a,;. We can determine them by using

the matching condition for the co-state variable and by using using the solution for the net asset
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position obtained in the last step. That is, we can find them by solving jointly
A(TT) = A(7),
a(t7) =a,.
Solving the first equation we find
" _ Y2\ —~r
¢ )= (=) (ay+2) e
which, upon substitution in the second equation yields

= (g + L (1—em )+ 2 (e ), (23)

Solution
We obtain the optimal consumption path (c*(t)) , where
te[0,00)

)= (r—7) (a’{ + @) et for t € [0,00),
r

and substituting af in the solution for a(t € [0, 7)) we obtain the optimal net asset position path
(a*(t)) , where

te[0,00)

S ) o (B 8) 0, o
a*(t) = yr r r
—B g (w; i 72> v (7)) for t € [r,00)
G Comparative dynamics
Assume we have a non-linear dynamic system
X =F(X,p)

where ¢ is an exogenous variable and X = (zy,z,) in which x; is pre-determined and =z, is
non-predetermined.

Let the exogenous variable takes the value ¢, and let the associated steady state be X (g,).
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Now consider a variation in the exogenous variable from ¢, to ¢; = ¢y + dp. If the syatem is
at the steady state X (p,) it will be perturbed away from it. Let dX(t) = X(¢t) — X(p,) be the
variation of X when away from the steady state.

The effects resulting from the perturbation dp can be studied from the solutions of the varia-
tional system. Taking a time derivative, and observing that dX(t) = X (because X = 0, yields

the linear ordinary differential equation
X = Fy(po) dX (1) + F, (i) dep.

where the Jacobians are

Fo(po) = Fu(X(0)s #0), Fy (00) = F (X (00), 90)-

The comparative dynamics multipliers are the solutions, d X (¢) to this system.

For MHDS systems with only one pre-determined variable (or state variable) the Jacobian
F, () has two eigenvalues, A\, and )\, that satisfy the relationship A, < 0 < \,. This means that
the steady state is a saddle point, if A; < 0 or an unstable saddle-node, if A, = 0.

Therefore, two generic cases can occur, which have consequences on the method for determining
dX (t), depending on the Jacobian having a non-zero or a zero determinant. In the first case, we
have A\; < 0 and the dynamics will not depend on x,(0), the initial value of the pre-determined
variable and in the second case A, = 0 and the dynamics will depend on z,(0).

Next we deal with the two cases separately.

Non-zero eigenvalues case

As det (F,(¢y)) < 0 then the Jacobian has a classic inverse, F,(p,)"!, which allows us to

determine the long-run multipliers as
dX = —F, (o)™ F,(9g) dp = X, (ipo) d
and the general solution to the variational system is
dX(t) = dX + k, P*erst + k, P*erut (24)

where P® and P“ are the eigenvectors associated to the eigenvalues A, < 0 and A, > 0, respec-
tively, and k, and k, are two arbitrary constants.
The two arbitrary constants provide us with two degrees of freedom allowing us to introduce

two properties in the solution: first, we can force it converge to a new steady state X(y,), and,
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second, to make the pre-determined variable z; be continuous at the time of the shock, such that
dz,(0) = 2,(0) — Z,(¢y) = 0. The state variable, while being constant at the time of the shock,
will start to change as a consequence of the shock, thus dz;(0) # 0.

The first condition is satisfied if we set set k, = 0, which yields dX(t) = dX + k, P* et or,

invector notation,
dx(t) _ d%l Y Py At
dzq(t) dz, Py

The second condition is satisfied if, at time ¢ = 0, we set dz,(0) = 0, or equivalently, dz, +k, P =
ps
Substituting both constants in equation (@) allows us to obtain the comparative dynamics

(dw)) ( am—et

P
dz, () dz, — d7, <Pi> et

0. Solving for the other arbitrary constant yields k, = —

variations

Recalling that dX () = X(t) — X(¢,) we have equivalently

2, (t) = 21 (pg) + dity (1 —esF)

_ _ _ (P
To(t) = Zy(pg) + dy — d, (P725> et
1

The meaning of this formula is the following: assuming that at time ¢ = 0 the economy is at a
steady state associated to the level of the exogenous variable ¢, (Z;(¢q), To(¢g)), a change in the
exogenous variable to level p; = ¢, + de changes the steady state by (dz,, dx,); as the variable x,
is pre-determined the adjustment is not immediate; the variables (z,(t),z,(t)) trace out the path
of the economy following that shock.

Evaluating for ¢ — oo yields the long-run multipliers

dep dep dxy |
dp

and evaluating at t = 0 we obtain the impact multiplier for the non-predetermined variable

75(0) — j2(‘P0) _ Py dzy —dzy Py
dp Pgdyp '
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The difference between the initial and the (approximated) final steady state after the shock
in ¢, which we denote by dz, = z,(¢,) — x;(¢g), for i = 1,2, for the two variables have a close

relationship,
Py (5(t) — Z5(p1)) = P (21(t) — 71(01)),

which is given by the slope of the eigenspace associated to the negative eigenvalue (the stable
eigenspace).
In the presence of a zero eigenvalue
When det (F,(¢y)) = 0 the Jacobian has eigenvalues A, = 0 < ), and there is a not a clas-
sic inverse for the Jacobian. We can use the Moore-Penrose inverse to determine the long run
multipliers
AX = —F, ()" Flpo)dp+ (1= (o)™ Folpy)) Z

where I is the identity matrix, Z = (21,2,)" is a vector of constants and we use
Fx(SOO) = PAP?I Fw(@0)+ = PAJrPil

where the Jordan form, the Moore-Penrose inverse and the eigenvector matrices are

0 0
0 O PS P’LL
A= AT = 1 ’P:<i ik
0 A, 0 5 P; P

Because, differently from the classic inverse F,(¢y)* F,(po) # I then the expression for the
multipliers would allows us to obtain a linear equation in one of the elements of vector Z, say zs.
We can determine it by using the predetermine nature of x; by setting dz; = 0.

The solution to the variational system is now

dX(t) = dX + k, P* + k, P* Mt

ax=(°
dz,

which again contains two arbitrary constants, k, and k,. To eliminate unbounded trajectories,

where

we set again k, = 0 and determine k, such that dz,(0) = 0. This yields the variations

dz,(t) =0, for all t € [0,0)
dz4(t) = dz,, for all t € [0,00)
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where the shock in ¢ is completely absorbed by z,. This means that the values of the perturbed
variables are
.Tl(t) — Jfl’o, fOl“ all t (S [0, OO)
x4(t) = Zo(¢y), for all ¢ € (0,00)
where we set dTy = Ty(p1,71 ) — To(pg, 71 9) because, as we saw in the main text that the
value of the steady state for the non-predetermined variable depends on the initial value of the
predetermined variable. This means that the non-predetermined immediately ”jumps” to the new

steady state.
Application to problem @
For the problem having first-order conditions in equations (@)—(@) we have the initial steady

state )
X (w.) = Qg _ Qg
(o) (QO) ((Pao + w0>9)

and the Jacobian for an increase in the wage rate dw = w; — wy is

a\ (p —C'(q) da(t) n dw
g 0 0 q(t) 0/
The first Jacobian has eigenvalues A, = 0 and A\, = p, which means that we have to use the formulas

derived for the case in which there is one zero eigenvalue.
In order to find the long run variation introduced by the shock in w, from equation (@), we

have to do some preliminary work: we find the

b (Cla) 1
p 0
the Moore-Penrose inverse of the Jacobian

o (@) 1) (o o
oo () 11

and
— _ 0 _C/(%)
I_Fz<w0)+Fa:(w0): P

0 0

Therefore, the general expression for the long run multipliers is

d "
da _7111 + c E)%) Zq
_| = p
dq 2
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where z, is an arbitrary constant.

w
As we require da = 0 then z, = ——— then

C" (o)

(da) ( 0 )
da = dw .
K (o)

We obtain the short run variations from

(da(t)) _ d?u o (C’@o))
dq(t) @) ’ p

Setting again da(t) = 0 yields k, = 0, and, therefore, the short-run variations are
da(t) 0
dq(t) = dw .
! C' (@)

de(t) = dé = C'(qy) dq(t) =

where dw = w; —w,.
Writing ¢(w;) = d¢ + ¢(w,) yields the linear approximation for the behavior of consumption
after the shock ¢(t) = ¢(wy) + dc = ¢(w;) = pag + w;. We conclude that consumption changes

discontinuously from ¢(w,) = pay + wy to ¢(wy) = pay + wy, as shown in Figure H

H Comparative dynamics for the habit formation model

We start from the steady state in equations ()—(), for the initial level of the exogenous variable
w = w, and consider a positive change to w; = w, + dw.

Next we introduce the notation for the partial derivatives u; = u,(c(wy), h(w,)) for i = ¢, h and
;5 = w;(c(wg), h(wy)) for i, j = ¢, h. We define accordingly Ch, C_qa and C_qh‘

Using this notation for the partial derivatives, evaluated at the initial steady state, and the

notation in section E we obtain the Jacobian, for system ()—()7

p jCh _qqa _qqh
_ 0 n(C, —1 nC nC
Fwg=|0 Moot o

0 —(Upe Cp + Upp,)  —Tp, éqa p+n—Up éq,L
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This Jacobian has the characteristic equationdet (F,(wy) —AI) = 0. Expanding, yields the
polynomial equation
AA=p)(A2—pAr+S)=0.

This is because u C), = iy, éQh and we have

S=n ((Ch — 1) (p+n—1u4.C, )+ C,, (U Cp, + gy,

_ C
=n(p+n) (Ch -1+ pjhn(ﬂhc +ﬁhh))

_ _n< (p + n)ﬂcc + (2777—’_ :0) (ﬂhc + nahh>>

UCC

There are four real eigenvalues {\,, 0, p, A, } where

2 2
2
p p
= 5+y(3)
v 2+ 2

If S <0 then \; <0 < p < A, and the steady state is a degenerate saddle-point. Additionally
we have A\, + A\, =pand \,\, = S.

Looking at the expression for S, we can write it as

g )

uCC

where m(w) = (p + n)iee + (20 + p)(Upe + Nitpy) = (p + Miee + (20 + p)U”. Then, S < 0
p+n

2n+p
intertemporally substitutable or independent and, if there is intertemporal complementarity, it is

if and only if 7(u) < 0 which requires U” < u

.. Which only holds if consumption is

not to large compared with the concavity as regards consumption c.

From now on we assume this condition holds.

As we have a zero eigenvalue we can adapt the method explained in the last section. The
generalized long-run multipliers are

AX = —F,(wo)* By (wy) dw+ (I = Fy(wo)* Fy(wy)) Z

where the Jacobian for the exogenous variable is

o O O =
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and the Moore-Penrose inverse is F, (wg)* = P A+t P~! where

i 0 0
)\S
O 0O o0 o
At = 1 ,
0O 0 — 0
o 0o L
A

u

68

and the eigenvector matrix concatenating the eigenvectors in the same order as in the Jordan

matrix A, i,e, P = [P*P'PPPY] is
Nyt (1 AU

ﬂhc (nahc + (>\u =+ n)barucc) - 77H<’[L>

1 1
A H (1) U, H(u)A,
_nahc + (77 + /\u)ahc 0 nahc + (c)‘u + n)barucc
P A H (@) o H(a)

0 px(u) 0 0
_ptn

1 p (Upe + Upp) 0 1
p+n

where H(a) = acc ahh - ﬂ%zc and X(Q) = (p + n)acc + ahc(zn + p) + nahh
Performing the calculations yields the generalized variation

d
7 _dw  (ptn) 2
da p ( fx)(u)
7 pTi
- dh
x="1=| Tx@
dq,
_ 3
dgy, Upe & Upp,
x ()
We set da = 0 to find the value for z; and substituting back we obtain the particular long-run
variation
_ 0
da
dh !
aX=1"1= x(u) dw
44 _pt
dg, Upe £ Unp
ptmn

The short run variation dX(t) = X(t) — X(w,), introduced by the perturbation in w can be

obtained from the general solution of the variational system,

dX(t) = dX + k, P e*s' + hgP® + k,PPel’ + k, Pte?u!
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where kg, hy, k, and k, are arbitrary constants.
Eliminating the explosive components by setting k, = k,, = 0 and solving for k; and h, such
that da(0) = 0 and dh(0) = 0, yields

o (1 + Ay) Une + Ny, dw

° (77 + )‘u)()\uﬂ’cc + pﬂ’hc) =+ 7lpz_j’hh
_ H(u
ko = — A, H (W) —dw
(77 + Au)()‘uucc + puhc) + npupp

Therefore the short run variation is
. nahh + (77 + )‘u)ﬂhc
da(t) = — - — - -
Au((n + )‘u)ucc + (p + n)uhc) + P + U(Uhc + uhh)
)‘u (nﬁhc + (n + )‘u)ﬂcc)
Au((n + Au)ﬂ’cc + (p + n)ﬁhc) + P + "7(71110 + ahh)
)‘u<nﬂhc + (77 + )‘u>acc)7r(ﬂ>

(p+n) (Au((n + A le + (p+0pe) + p + 1ty + ﬂhh))

o )‘u ahc((n + )‘u>ahc + nahh)
dqy(t) = - - - - X
(p+n) (M((n + At + (p +n)upe) + p 4 1ty + uhh))

(1 —eXst) dw, for t € [0, 00)

dh(t) = (1 — e*st) dw, for t € [0, 00)

dq,(t) =

dw, for t € [0, 00)

X <<accahh<n + )‘u) —+ nﬂ'l%c - (p + n)H(ﬂ)6A5t> dw7 fort € [07 OO)
The variation in consumption can be obtained as
de(t) = Cy dh(t) + C, dq,(t) + C, dg,(t).

In the expressions for the variations of the state variables, we see the effect of the existence of a

zero eigenvalue: we find that
(Mnn + (0 + A)tpe) dh(t) + Ay (e + (74 At ) da(t) = 0.
We also find that
da(0) =0
dh(0) =0
Au(Mipe + (04 Ayt ) (1)

(04 1) (N1 X)Te + (04 )T) + p+ 0T+ W)
A U (1 4 Ay Upe + 7,p,) ((ﬂccﬂhh(ﬂ +A,) +nig, — (p+ n)H(ﬁ)>

(p+n) (Au((n + A Uee + (P +0)ipe) + p o+ (e + ﬁhh)>

dq,(0) = dq,(t) = dw

dw.

th(O) =
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and
da(co) = — M O AU e [0, 00)
Au((n + Au)“cc =+ (P + n)uhc) + P + n(uhc + uhh)
A, (nu AU
dh(o0) = ’ u (1 + <77_+ w)lec) _ —— (1 —e*st) dw, for t € [0, c0)
Au((n + Au)ucc + (p + n)uhc> + P + n(uhc + uhh)
A, (nu AU U
dqa(oo) — u(nuhc + (77 + u)ucc>ﬂ—(u> - - dw,for te [0’ OO)
(04 1) (N1 X e + (04 M) + p+ 0T + )
A U (1 Xy )Upe + 1y, ((accahh<n +A,) + 77@;215>
dgqy,(c0) = dw.

(0 +1) (N0 + X Te + (04 M) + p+ 0T + )

which are the long run multipliers. To determine the levels of the new steady state after the
shock we can write X (w,) = dX(c0) + X (w,). This is point C' shown in figure H

Mathematica notebook



niozel= (% Habit formation model
See https://pmbbrito.github.io/cursos/phd/am/am2021_consumption.pdf
*)

niiosi:= ClearAll[a, a0, h, hx, t, tx]
(» derivatives of the consumption function x)
Chs := -Uhc /Ucc
Cqas :=1/Ucc
Cghs := -n /Ucc
(» elements of the Jacobian x)

J11 :=p

J12 := -Ch

J13 := -Cqa

J14 := -Cqgh

J22 :=n (Ch - 1)

J23 :=nCqa

J24 := nCqh

J42 := - (Uhc Ch + Uhh)

J43 := -Uhc Cqga
J44 :=p + n - Uhc Cgh

nioas}= (% Jacobians x)
J = {{J11, J12, J13, J14}, {0, 322, 323, J24}, {0, 0, 0, 0}, {0, J42, 143, J44}}
Dimensions[J]
Jw = {{dw}, {0}, {0}, {0}}

ouross= {{p, -Ch, -Cqa, -Cqh}, {®, (-1+Ch)n, Cqan, Cghn},
{06, 0, 0, 8}, {0, -~ChUhc - Uhh, -CqaUhc, -CghUhc +n+p}}

outiodel= {4, 4}

ouioa7i= { {dw}, {0}, {0}, {0}}

w0 {{p, -Ch, -Cqa, -Cqh}, {0, (-1+Ch) n, Cqan, Cqhn},
{0, ©, 0, 8}, {0, -ChUhc - Uhh, -Cqa Uhc, -Cqh Uhc + 1+ p}}

-

Out[1048]= {{,O, -Ch, -Cga, -Cghy}, {0, (—1+C|’l) n, Cqan, Cgh 77},
{06, 0, 0, 8}, {0, ~ChUhc - Uhh, -Cqa Uhc, -CghUhc +n+p}}

nfi204:= (% * % * % % % Derivation "by hand" * % * * x x)
Trd = Simplify[J22 + J44 /. {Ch » Chs, Cqa -» Cqgas, Cqh -» Cghs}]
DetJ = Simplify[J22 J44 - 324 J42 /. {Ch » Chs, Cqa -» Cqas, Cqh » Cghs}]

out[1204]= O

n (Uhhn+Ucc (n+p) +Uhc (2n+p0))

Out[1205]= —
Ucc
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nizo6)= (* JOrdan form of the Jacobian x)
A = {{As, 0, 0, 0} , {0, O, O, O}, {0, O, p, O}, {0, O, 0, Au}}
Dimensions[A]

ourizos= {{As, 0, @, 0}, {0, 0, 0, 0}, {0, 0, p, 0}, {0, 0, 0, Au}}

oufizo7)= {4, 4}

nii208)= (* Eigenvector matrix: transposed x)
detP0 := J12 (323 J44 - 324 343) - J13 (J22J44 - 324 342) + J14 (322343 - 323 J42)
PT := {{- (314342 - J12 (344 - 1s)) / (:u342), (xs-344) /342, 0, 1},
{1, -p (323344 - 324 343) /detPo,
p (322344 - 324 342) /detPO, -p (322343 - 123 142) /detPo},
{1, o, 0, 0},
{(-314 342 - 312 (344 - au)) / (xs J42), (Au-3J44) /342, 0, 1}}

p(Uhhr]+Ucc (n+p) +Uhc (2n+p)) (Uhc+Uhh)p

In[1064]:= {1, P, ’ ]’
n+p n+p

o (Uhhn+Ucc (n+p) +Uhc (2n+p)) (Uhc+Uhh)p

Out[1064]= {l, 0, , }
n+p n+p

inj1217= P = Simplify[Transpose[PT] /. {Ch » Chs, Cqa » Cqas, Cgh -» Cqhs}]
Psl := P[[All, 1]]
PO = Simplify[P[[All, 2]] /. {Ch » Chs, Cqa -» Cgas, Cqh -» Cghs}]
Ppo = Simplify[P[[All, 3]] /. {Ch » Chs, Cqa -» Cqas, Cqgh » Cghs}]
Pul := P[[ALlL, 4]]
Ps = Simplify[Psl /. {Ch -» Chs, Cqa -» Cqas, Cqgh -» Cqghs}, As + Au == p]
Pu = Simplify[Pul /. {Ch » Chs, Cqa -» Cqas, Cqgh » Cghs}, Au + s == p]
Uhh n + Uhc (n-2s +p) 11 2 Uhc? np - Ucc Uhh n + Ucc Uhe (n - au +p)

ourze {{ (Uhc? - Ucc Uhh) Jw T Ucc (-Uhc? +Ucc Uhh) 2s J
{Uhcn+Ucc (n-2As+p) 0 Uhcn+Ucc(r7—/\u+p)}
o)
_Uhc?+UccUhh ~~ ° _Uhc?+Ucc Uhh ’
o (Uhhn+Ucc (n+p) +Uhc (2n+p Uhc + Uhh) p
{0: ( ( >>’0’ 0}5 {l, (7>)05 l}}
n+p n+p
p(Uhhr)+UCC(77+p)+Uhc (2r]+p)) (Uhc+Uhh),o
out[1219]= {l, [ )
n+po n+p

oufizeo)= {1, 0, 0, O}

Uhc n + Uhh n + Uhc awu Uhc n +Ucc (n +au)
, -

Uhc? Xxu - Ucc Uhh au Uhc? - Ucc Uhh

Out[1222]= {

, 0,1}

2 Uhc? n-UccUhhn+UccUhc (n-Au+p) Uhcn+Ucc (n-2u+p) 0, 1]
Ucc (-Uhc? + Ucc Uhh) 2s ’ ~Uhc? + Ucc Uhh T

Out[1223]= {
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nioeel= (* Confirmation of the last derivation by using Mathematica functions x)

Simplify[Tr[J]]

Simplify[Det[J]]
EJ = Simplify[Eigenvalues[J] /. {Ch » Chs, Cqa » Cqas, Cqh » Cghs}]

EP = Simplify[Eigenvectors[J] /. {Ch » Chs, Cqa » Cqas, Cqh - Cghs}]

outiosgl= —Cgh Uhc+Chn+2p

out[1070]= @
4 Uhh Uh 2
Out1071]= {O;D; E 0—\/<2r]+p>2+ ’7( n+ C( T7+p)) ,
2 Ucc
4 Uhh Uh 2
& D+\/(27’]+D)2+ 77( i C( 77+'O)) }
2 Ucc
n+o n+o Uhhn +Ucc (n+p) +Uhc (277+,o)
Out[1072]= {{ s s s 1}’
Uhc p + Uhh o Uhc + Uhh Uhc + Uhh
2Uhhr]+UhC 2U+D+ (2n+p)2+4n(Uhhr;+Uhc<2n+p))
{1,0,0,0}, | | l e ),
(Uhc? - Ucc Uhh) (p+ \/(277+D)2+ 4 {URh i he (200 )
72Uhcl7+Ucc (277+p+\/(277+p)2+4”(Uhhﬂ+utihCC<2n+o)>) . l}
2 (Uhc? - Ucc Uhh) S
-2 Uhhn +Uhc (—2r7—,o+ \/(277+p)2+ 4”(Uhh”ﬁitc (2o )
(Uhc? - Ucc Uhh) (—p+ \/(2n+p)2+4”(Uhh”Lihcc (2 1:0)) ) ’
-2 Uhcn +Ucc (—277*0+ \/(2n+p)2+ 4”“““”*&*: (2n:p) )
» 0, 11}

2 (Uhc2 - Ucc Uhh)

info7s= -=CqghUhc+Chn+2p
ouiozs= —~Cgh Uhc+Chn+2p

p_\/(2n+p)2+4n (Uhhn +Uhc (21 +p)) ]’

1
In[1074]:= {0, P, ;

Ucc
4 Uhh Uhc (2
i[p+J(zn+p)z+ 7 {Uhh 7+ Uhe | w))J}
2 Ucc
4 Uhh Uh 2
out[1074]= {G),p,i D‘\/<277+D>2+ ’7( n+ C( r]+p)) ’
2 Ucc

}

4 Uhh Uhc (2
D+\/(2U+p)2+ n (Uhh 7 +Uhe (2n+ 0] ]
Ucc

N |
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ni23z;= (* Generalized dinverse Jplus =x)
PI := Inverse[P]
ALl = {{1/2s, 0, 6, 0} , {0, O, O, O}, {0, O, 1/p, O}, {0, O, O, 1/2u}}
Jplus := Simplify[P.AI .Inverse[P] /. {Ch - Chs, Cqa -» Cgas, Cqh -» Cghs}]
Dimensions[Jplus]

1 1 1
Out[1233)= {{;;3 0,0, 0}, {0, 0, 0,0}, {6,0, —, 0}, {06,0,0, ;J}}
o)

outi2zsl= {4, 4}

niosol= (% Linear approximation of the solution after a shock in w
starting from SS0, for a 10% increase in w
X(t) = X(@) + F(Xss,t) where Xss is the new steady state =)
(* Long run multipliers x)

nost= (% dXLPg:=
Simplify[-Jplus. (Jw )+ (IdentityMatrix[4]-Iplus.]).{{k1},{k2},{k3},{k4}}/.
{Ch-Chs,Cqa-Cqas,Cqh-Cqhs},{As + Au=p,As Au==DetJ}]x)
dXLPg := Simplify[-Jplus. (Jw) +
(IdentityMatrix[4] - P.AL.A.PI). {{k1}, {k2}, {k3}, {k4}} /.
{Ch » Chs, Cqa » Cqas, Cgh » Cghs}, {As + AU = p, AS AU = DetJ}]
Dimensions|[
dXLPg]

outioszl= {4, 1}

In[1236]:=
dXLP1 = Simplify[Factor [dXLPg[[1, 1]]1]]
dXLP2 = dXLPg[[2, 1]]
dXLP3 = dXLPg[[3, 1]]
dXLP4 = dXLPg[[4, 1]]

k3 (n+p) -dw (2Uhcr]+Uhh77+Uhcp+UCC (77+p))

Out[1236]=
o) (Uhhn+Ucc (n+p) +Uhc (2n+p0))
k3 (n+p)
Out[1237]=
Uhhn+Ucc (n+p) +Uhc (2n+p)
outizzgl= k3
k3 (Uhc + Uhh)
Out[1239]=

Uhhn +Ucc (n+p) +Uhc (277+,o)
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nfza6)= (% auxiliar )
dXLPaux1[k3_] = dXLP1
Auxeql := Simplify[Solve[{dXLPaux1l[x] == 0}, {x}]]
k3ep = x /. Auxeql[[1l, 1]]

k3 (n+p) -dw (2 Uhcn+Uhhn+Uhc o+ Ucc (n+p))

Out[1246]=

o) (Uhh77+Ucc (n+p) +Uhc (277+p))

dw (Uhhr]+Ucc (n+p) +Uhc <2r]+,o>>

Out[1248]=
n+p

nf2a91= (* Long-run multipliers x)
dXLP = Simplify[dXLPg /. {k3 - k3ep}]
dw (Uhhr}+Ucc (n+p) +Uhc (2r]+p>) } dw (UhC+Uhh)

ouizee- { {0}, {dw}, { > { 1
n+po n+p

ni2s0p= (* Short run multipliers =x)
dXtg = Simplify[dXLP + kk1 PO + kk2 Ps Exp[As t]]

e**s kk2 (Uhcn+Ucc (77+)ku)>

et’s kk2 (Uhhr)+Uhc (77+)ku))
}s {dw-
(Uhc? -~ Ucc Uhh) au Uhc? - Ucc Uhh
(dw+kkl,o) (Uhhr]+Ucc (n+p) +Uhc (2r)+p))}
)
n+p

dw (UhC+Uhh> + kk1 (UhC+Uhh) o+et?S kk2 (n+p)

Out[1250]= Hkkl + + kk1l p} s

{
{

}

n+p
npesi= dX1tg[kkl_, kk2_] = Simplify[dXtg [[1, 1]] /. t » O]
dX2tg[kkl_, kk2_] = Simplify[dXtg [[2, 1]] /. t » 0]
Auxeq2 := Solve[{dX1tg[x, y] == 0, dX2tg[x, y] == 0}, {X, y}]
kklep = x /. Auxeq2[[1, 1]]
kk2ep =y /. Auxeq2[[1, 2]]
kk2 (Uhhn +Uhc (n+2u))
(Uhc? - Ucc Uhh) 2w

outrizst= KK1 +

kk2 (Uhcn+Ucc (n+2u))
—~Uhc? + Ucc Uhh

outrizs2l= dw + +kklp

dw (Uhc r + Uhh n + Uhc aw)

Out[1254]= —
Ucc n Au + Uhc n au + Ucc au? + Uhe n p + Uhh n p + Uhc Au p

dw (Uhc2 - Ucc Uhh) au

Out[1255]=
Ucc n au + Uhc n au + Ucc au? + Uhe n p + Uhh n p + Uhc Au p
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In[1256]:=
(*
Solution of the linearized model
First: short run multipliers
Second: level values
ac, hc, gac, ghc initial steady state
*)
dXt := Simplify[dXtg /. {kkl -» kklep, kk2 - kk2ep}]
Xt = Simplify[{{ac}, {hc}, {gac}, {ghc}} +dXt]
dw (-1+e"*s) (Unhhn+Uhc (n+2xu))

Ucc au (n+2au) + Uhhn p+Uhc aup +Uhcn (Au+p)
dw (-1+e"*) au (Uhcn+Ucc (n+2u))

Out[1257]= { {ac +

hc -
{ Ucc au (n+2au) + Uhhn p+Uhc au p+Uhcn (Au+p)

dwau (Uhcn+Ucc (n+2u)) (Uhhn+Ucc (n+p) +Uhc (2n+p0))

gac +
{ (n+p) (Uccau (n+2u) +Uhhnp+Uhcup+Uhcn Qu+p))

{ghc + (dwau (Uhc Uhh 7 +Ucc Uhc (1 + ) +
Ucc Uhh (n—et“nérku—ems p) + Uhc? (77+<e“577+et“p)))/
((n+p) (Uccau (n+2au) +Uhhnp+Uhciup+Uhcn (Au+p)))}}

(* * * % % % * * x* % * MULTIPLICATIVE HABITS % * % % % % % % % * %)

Umfc_, h_1= ((c/(h*g))*(1-8)-1)/(1-6)

nizeay= (% derivatives =)
Umc = D[Um[c, h], c]
Umh = D[Um[c, h], h]
Umcc =D[D[Um[c, h], c], c]
Umhc = Simplify[D[Um[c, h], h, c]]
Umhh = Simplify[D[Um[c, h], h, h]]

ouzea h=¢ (C h’g) -

oufizes)= —¢ h™1¢ (C h’5> - c
outizee. —h28 (C h’g) 104
outze7= h™17¢ (C h’g) Cr(-1+0)

(ch )Yz (-1+¢ (-1+0))
h2

Out[1268]= —
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ni269y= (* consumption function: partial derdivatives x)
Cmh = Simplify[Chs /. {Ucc » Umcc, Uhc - Umhc}]
Cmga = Simplify[Cqas /. {Ucc -» Umcc}]
Cmgh = Simplify[Cqhs /. {Ucc - Umcc}]

cc(-1+0)
out[1269) —————————
he
cht (ch®)®
oui270]s — ———————
C]
cht (ch®)?p
oufte7 ———————
e

(* Determination of the steady state:
initial: Xbar (@)
the final SS is determined by the multipliers: Xbar(l) = Xbar(0) + dbarX
*)

nitza= (% eqli=h-% (c h‘g)_s—qhw] qa
eq2:=gh (p+n)-c h"f (c h'¥)° ¢

*)

eql :=Umc-qga+ngh

eq2 :=qgh (p+n) -Umh

eq3 :=c-h

eq4 :=pa+w-=c¢C

SSaux = Solve[{eql == 0, eq2 == 0, eq3 == 0, eq4 = 0}, {ga, gh, c, h}]
-6

-y 1-v
Out[1128]= {{qae(W+ap)’y<(w+ap)l’7)’9_yn(W+ap) ((W+ap) ) ,

n+p

Y (Wrap) ™ ((wrap)t )

gh > - scowrap,how+apl}

n+p
(» simplification of qa and gh x)
Simplify[SSaux[[1, 1]]1[[2]]]
Simplify[SSaux[[1, 2]1[[2]1]
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(» this is needed to control a0 =)

qassx[ax_,w_,p_,6_, 8 ,n_]=SSaux[[1, 1]1][[2]] /. a> ax
ghssx[ax_, w_, p_,6_, &_, n_] =SSaux[[1, 2]1]1[[2]] /. a— ax
cssx[ax_,w_,p_,6_, & ,n_] =SSaux[[1l, 3]]1[[2]] /. a—- ax
hssx[ax_,w_, p_, 6_, & _,n_] =SSaux[[1, 4]]1[[2]] /. a~> ax

assx[ax_] = ax

ni1a= (% Stability condition with multiplicative habits x)
Factor [Simplify[Simplify[Detd /. {Uhh - Umhh, Ucc -» Umcc, Uhc - Umhc}] /.
{c>w+axp, h->w+axp}]]

n(-y-6+y0) (-n+yn-p)

Out[1141]= —
2
(-€-6+86)n(-n+8&n-p)
In[1142]:= =
e
n(--6+2o0) (-n+&n-p)
Out[1142]= —
e

ni2sz;= (* Short run levels X(t) for the multiplicative habits model «)
Xtm = Simplify[
Simplify[Xt /. {Uhh - Umhh, Ucc -» Umcc, Uhc » Umhc}] /. {c>w+axp, h ->w+axp}]
dw (-1+e") £ (En (-1+6) -n6+2u-62u)

Out[1282]= Hac+
B (N+xU) +82n (-1+6) p-C (N (-1+6) AUu+nb6p+ (-1+6) Aup)

fhe - dw (-1+e*S) au (£ (n-n6) +6 (n+2u)) 5,
OX (N+2) +82n (-1+6) p-C (n (-1+0) Wu+n6p+ (-1+6) Aup)
{gac+ (dw (£ (-1+6) -©) Au (En (-1+6) -6 (n+2u))
((-1+8)n-p) (wraxp) ¥ ((wraxp)t€)?)/
((n+p) (@AU (M+au) +C2n (-1+6) p-L (N (-1+6) Au+n6p+ (-1+6) Aup)))},
{ghc+ (dwe (£ (-1+6) -©) Au (w+axp) ((\,u+axp>l*5)’8
(En (-1+0) -0 (n+au) +e*** (n+p)))/
((n+p) (6 (n+2AU) +E%n (-146) p-C (N (-1+6) W+n6p+ (-1+6) aup)))}}
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nizes- (% impact levels X(0) = (ac, hc, qac, qah) =)
Simplify[Xtm /. t » 0]

ourzes= {{ac}, {hc},
{qac+ (dw (£ (-1+6) -©) A (En (-1+6) -6 (n+2Au)) ((-1+L) n-p) (Ww+axp) '
((w+axp)r€)°) /((n+0)
(AU (n+2u) +8%n (-1+6) p-C (n (-1+6) W+nop+ (-1+6) aup)))}, {ghc+
dweZ (E (-1+6) -6) AU ((-1+8)n (-1+6) -0Au+p) (Ww+axp) ¢ ((w+axp)1*§)’9}}

(n+p) (G)ku (N+XxU) +82n (-1+6)p-C (n (-1+6) Au+n6p+ (-1+6) /\up))

nizs4= (* long run multipliers x)
Simplify[Evaluate[Xtm /. e*?* -> 0]]

dwZ (En (-1+6) -ne+2Au-62au)

6 Au (r7+/lu)+§217(—1+9)p—§(n (-1+0) AUu+nb6p+ (-1+6) AUp)
he - dwu (€ (n-n6) +6 (n+2Au)) ’
OX (N+2U) +821n (-1+6) p-C (n (-1+0) Wu+n6p+ (-1+6) Aup)
{qac+ (dw (£ (-1+0) -©) Au (En (-1+6) -6 (n+2u))
((-1+8) n-p) (w+axp) ¢ ((wraxp)t )™/
((n+p) (6 (n+2Au) +E%n (-146) p-C (n (-1+6) Au+n6p+ (-1+6) awp)))},
dw i (£ (-1+6) -6) Au (En (-1+6) -6 (n+2xu)) (w+axp) ¢ ((w+axp)1*5)’9

(m+p) (B (n+AU) +E2n (-1+6) p-C (N (-1+6) W+n6p+ (-1+06) X))

Out[1284]=

—

{ac- ,

{th +

H

ni149y= (% Calibration =)

wo =0.7
wl=0.7%1.2
00 = 0.02
no=0.1

g0 =0.5
60 = 2

a0 =0.3/0.02

outi149l= Q.7
outf1150= 0@ .84
outf1151= 0.02
ou1152)= 0.1
ouf1153]= 0.5
out[1154]= 2

outi11s5)= 15.
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nfisel= (* Initial SS %)
qass0O = gassx[a0, w0, pO, 60, £0, nO]
ghsso = ghssx[a0, wO, pO, 60, £0, nO]
cssO = cssx[a®, wO, pO, 60, £0, nO]
hss® = hssx[a®, w0, pO, 60, £0, O]
ass0 = a0

ouriisel= 1.712Y - 0,833333 - 1,722 y
outis7= —8.33333 1,227y

out1158]= 1.

out{1159]= 1.

outi1160)= 15.

niie= (* Auxiliary results =)
Ucco = -h72% (c h‘§)‘l‘ee /. {€->£0,06-5060, h->hssd, c > cssO}
Uhco = h™*¢ (ch®) g (-1+6) /. {€~>£0, 6560, h-hsse, c > csso}
(ch&)' e (-1+E(-1+0))

Uhho = - " /. {£->£0,06-5060, h->hssO, c > css0O}
h
out[1161]= — 2.
ouft162)= 0.5
outf1163= 0.25
. . 1 4n (Uhhn+Uhc (2n+p
niiea- As0 = Simplify[= |o - \/(2n+p)2+ ( il ( il )) /.
2 Ucc
{n > nd, p - pd, Ucc -> UccO, Uhc -> Uhc@d, Uhh -> Uhho} ]
1 4 Uhhn+Uhc (2n+p
)LuO:S'impl'ify[— p+\/(2r]+p)2+ 77( il ( i )) /.
2 Ucc

{n>nd, p - pd, Ucc -> UccO, Uhc -> Uhco, Uhh -> Uhho} ]

outf1164= - 0.0631437

ouft16s= 0.0831437

niieel= (* multiplicadores LP =x)
Simplify[dXLPg + kx0 PO + kx1 Ps /.
{ac -> ass0, hc » hss0, qac » gqass0, ghc -» ghss0, dw -> wl -w0, nn -» no,
p -» p0, Ucc -> UccO, Uhc -> UhcOd, Uhh -> Uhho, s -> As0, Au -> Aub}]

outiies {{-7.-57.1429 k3 + kxO + 1.8694 kx1}, {-1.14286 k3 +0.02 kx0 + 0.421717 kx1},
(k3 -0.0175kx0}, {-7.14286 k3 + 0.125 kx0 + kx1}}

niti67= (* new approximate solution x)



In[1168]:=

Out[1168]=

In[1169]:=

Out[1169]=

Out[1170]=

out[1171]=

Out[1172]=

In[1173]:=

In[1174]:=

Out[1174]=

Out[1175]=

Out[1176]=

out[1177]=

In[1178]:=

Out[1178]=

In[1179]:=

out[1179]=

Out[1180]=

Xtsol =
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Simplify[Xt /. {ac -> ass@, hc » hss0, gac » qass0, ghc -» ghss0, dw -> wl -w0, n - no,

p - p0, Ucc -> UccO, Uhc -> UhcOd, Uhh -> Uhho, s -> As0, Au -> Aub}]

{{15.681 - ©.680971 ¢ *-°%31437%} | [1.15362 - 0.153619 ¢ °-0031437 Tt}
{0.865583 - 0.833333 v}, {0.960121 - 0.364272 ¢ -°%31437* _8,33333 v} }

(xatsolt[t_]=15.680970982036422-0.68097098203642 EXp[ AsO t]*)
atsolt[t_] = Xtsol[[1, 1]]

htsolt[t_] = Xtsol[[2, 1]]

gatsolt[t_] = Xtsol[[3, 1]]

ghtsolt[t_] = Xtsol[[4, 1]]

15.681 - 0.680971 ¢ 00631437t
1.15362 - 0.153619 @ ©-9631437¢t
0.865583 - 0.833333 vy

0.960121 - 0.364272 ¢ 9-9631437t _ g 33333 y

(» Solution for consumption =)
Cmhss = Cmh /. {c » css®, h - hss®, 6 > 60, £ > £0}
Cmgass =Cmqa /. {c -» cssO, h > hss0, 65060, £ - £0}
Cmghss = Cmgh /. {c » css0®, h > hss0, 65060, £ > £0, n->nod}
ctsol = Simplify[css® + Cmhss (Xtsol[[2, 1]] - hss0) +
Cmgass (Xtsol[[3, 1]] - qass@) + Cmghss (Xtsol[[4, 1]] - ghss0) |

0.5y
-0.5
0.05

1.11521 +e’°”6$437t(—0.0182136——0.07680971ﬁ +0.0768097 v

ctsolt[t_] =1.15362-0.056618 Exp[ As0O t]

1.15362 - 0.056618 ¢ ©-0631437t

(» New steady state x)
ctsolt[Infinity]
atsolt[Infinity]

cssl

assl

1.15362

15.681
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ntisip= (% Trajectories =)
Plot[atsolt[t], {t, 0, 100}]
Plot[htsolt[t], {t, 0, 100}]
Plot[ctsolt[t], {t, 0, 100}]
Plot[ghtsolt[t], {t, @, 100} ]

Oout[1181]=
n 1 n n n 1
80 100
115
110
Out[1182]= [
1.05
n n n 1 n n n 1 n n n 1 n n n 1 n n n 1
20 40 60 80 100
Out[1183]=
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1.0

0.5

—T T

—T

T

Out[1184]= S S S S S S E S S S |

— T

-0.5

-1.0

T

In[1185]:=
ParametricPlot[{atsolt[t], ctsolt[t]}, {t, O, 200}, AspectRatio -» 1]
1.154 |-
1152
1.150 |
1.148 |
Out[1185]= t
1.146 |
1144 1

1.142 -

1.140

15.50 | 15.55 15.60 15.65
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In[1186]:=

(* Linearized phase diagram x)
isol[a_,p_,wW_] t=pa+w
Fiso0® := Plot[isol[a, p®, wO], {a, O, 20},

PlotRange -» {{10, 20}, {0.5, 1.5}}, PlotStyle » Dashed, AxesLabel » {"a", "c"}]
Fisol := Plot[isol[a, pO, w1l], {a, O, 20}, PlotRange -» {{0, 20}, {0.5, 1.5}}]
(» ic:=Graphics[InfiniteLine[{ass0,0},{ass0,1.4}]]*)
ic = Graphics[{Black, Dotted, Line[{{ass0O, 0}, {assO, 1.4}}]1}]
LssO := Graphics[{PointSize[Large], Black, Point[{ass0®, css0}]}]
Lssl := Graphics[{PointSize[Large], Black, Point[{assl, css1}]}]
Lin@ := Graphics[{PointSize[Large], Black, Point[{ass0®, ctsolt[0]}]}]
Leg0 := Graphics[Text[Style["A", FontSize » 14, Black], {ass0+0.2, css0-0.02}]]
Legl := Graphics[Text[Style["C", FontSize » 14, Black], {ass1+0.1, css1+0.02}]]
Leg2 := Graphics[Text[Style["B", FontSize -» 14, Black], {ass@-0.4, ctsolt[0]}]]
Traj := ParametricPlot[{atsolt[t], ctsolt[t]}, {t, O, 200},

PlotRange -» {{10, 22}, {0.8, 1.4}}, AspectRatio » 1, PlotStyle » Black]
Show[Traj, Fiso®, Fisol, Lss0®, Lssl, Lin0, ic, Leg0, Legl, Leg2, AspectRatio -» 1]

Out[1189]=

Out[1197]=

087 P S R SO
10 12 14 16 18 20 22
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niiiesi= (* Trajecgtories of <income and consumption x)

TC := Plot[Piecewise[{{ctsolt[t], t >0}, {1, t<0}}],

{t, -10, 100}, PlotStyle -» Black, PlotRange -» Full]
jumpc := Graphics[{Black, Dashed, Line[{{0, 1}, {0, ctsolt[0]}}]}]
TY := Plot[Piecewise[{{p0 atsolt[t] +wl, t > 0}, {1, t<0}}],

{t, -10, 100}, PlotStyle -» Blue, PlotRange » Full]
jumpy := Graphics[{Blue, Dashed, Line[{{0, 1}, {0, p® atsolt[0] +w1l}}]1}]
TO := Plot[1l, {t, -1, 0}, PlotRange -» Full]
Show[TC, TY, jumpc, jumpy,

PlotRange » {{-5, 100}, {0.99, 1.2}}, AxesLabel -» {"t", "c,y"}]

Out[1203]=

. . P Y
60 80 100
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