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Chapter 3

Linear ODE: planar case

3.1 Introduction

In this chapter we deal with planar linear equations, that is with systems of two independent
variables whose behavior is described by two coupled linear ODEs. Two other restrictions are
introduced: first, we assume that the independent variable is time and we only consider the au-
tonomous case, that is the case in which the coefficients in the system are constant, i.e., independent
of time.

As with the scalar equation, any planar linear ODE has one unique solution. This makes it
interesting per se because it allows a complete taxonomy of the types of solution trajectories that we
can find. However, as a consequence of the Grobman-Hartmann theorem (see chapter on non-linear
ODEs), it provides a qualitative characterization of a large number of non-linear planar systems.
It also allows to determine which types of dynamics we can find in non-linear systems which are
nor present in linear ones.

Furthermore, a large proportion of dynamic systems in economics are either linear or have a
dynamics which is topologically equivalent to a linear ODE. In particular, we will see that most
characterizations of the solution to optimal control problems are done by linearization, i.e., by
approximating unknown solutions by solutions provided by an equivalent linear ODE.

Planar ODEs feature some new types of dynamics, when compared to the scalar case: first,
although asymptotic stability and (global) instability cases can exist, as in the scalar case, the
existence of saddle point dynamics (or conditional stability) is a new type of dynamics for the
planar case; second in addition to monotonic solution paths, as in the scalar case, several types of
non-monotonic solution paths can exist in the planar case. The saddle-point case is a very common
type of dynamics in both macroeconomics and growth theory and charaterizes solutions of most
optimal control problems.

The general (autonomous) linear planar ordinary differential equation, that we will study

in this chapter, is defined as

U1 = a1y1 +agays + 0y
Yo = 9191 + AoYs + by
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Introducing the real value matrix A € R?*2 the real valued vector B € R?*!

A= @1 412 , B= by .
Qg1 Qg9 by

the vector function y : T — R? and its gradient y : T — R?

Yy (2 : (A
v = (") yw = (21,

Yo (t) Yo (t)
we write the planar ODE in the equivalent matrix form,

y=Ay+B,y:TCR, »YCR2 (3.1)

Solutions to linear planar ODEs exist and are unique, and can be generically written as y(t) =
We show that, if det (A) # 0 they can be formally written as

y(t) =y +er) (y(ty) — ) (3.2)

where ¢, is an arbitrarily fixed point in time and y(¢,) € Y is the unknown value associated with
it, belonging to Y which is the range of y, and y € Y is a steady state (not necessarily unique) of
the ODE.
If det (A)) = 0 they can be formally written as

y(t) =y +er) (y(ty) —y) + I— AT A) Bt (3-3)

wherey = —A"B+(I— A" A)y(¢,) is not unique, because it is a function of an arbitrary y(¢,),
and A" is a generalized inverse of A.

The previous equation is also called a general solution, and traces out a family of solutions.
There are three main elements: first, the type of family of the solutions, which is related to their
time behavior, depends on the algebraic properties of matrix A; second, the location, and sometimes
the existence, of steady states depends on vector B; and the pair (t,,y(¢,)) allows for going from an
ODE for a model, or a problem, involving an ODE by allowing the introduction of side conditions.

For scalar ODE’s we saw that going from general solutions to particular solutions, which are
completely specified functions, we have to introduce one side condition. When time is an indepen-
dent variable, the side condition took the form of an initial or a terminal condition. For planar
ODE’s obtaining particular solutions, or completely specified solutions, we need to introduce
two side conditions. If the two side conditions involve known values at time ¢, = 0, as y(ty) = y,,
we say we have an initial-value problem, if there is one side condition for the initial value and
another for the terminal (if T is finite) or asymptotic (if T — oo) the problem can be called mixed-
value problem, and if the two conditions are on the terminal or asymptotic state we can call it

terminal-value problem. i

LIf the independent variable is not time the last two cases are usually called boundary-value problems.
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Solution to the ODE always exists and are unique, and solutions to problems involving ODEs
always existe but may not be unique.
In order to find and characterize the solutions for the ODEs, we can follow, separately or jointly,

the following types of approaches:

e an algebraic approach by determining explicitly the solutions;

e an analytical and geometrical approach by studying the existence and uniqueness of the
steady states and other particular types of solutions (v.g., periodic solutions) and study their

stability properties, and by building the phase diagram.

This chapter proceeds as follows. In section @ we present some algebraic useful algebraic facts
on Jordan canonical forms and on the related matrix exponential function e?. In section ?? we
obtain the solutions to planar ODE’s, first for homogenous equations and next for non-homogenous
equations. In section @ we characterize analytically and geometrically the types of solutions for
linear planar ODE’s. In section @ we provide a present the bifurcation analysis for this type of
ODE’s which will be useful in the ensuing chapters.

The chapter ends with the solution to problems involving ODE’s and with comments on the

economic applications.

3.2 Matrix A and the matrix exponential function e®!

In this section we review some results from linear algebra, in subsection . In subsection

we derive the expressions for eAt.

3.2.1 The algebraic properties of matrix A and the Jordan canonical forms

Matrix A fundamentally determines the solution to differential equation (El!) and allows for the
characterization of its dynamics.
A fundamental result is that any matrix A is similar to one of the following three matrices,

called the Jordan canonical formsE

(A0 (A1 [« B
A T T ) o

Two matrices are similar if they have the same spectrum. The spectrum of matrix A is a tuple

belonging to C? (the space of two-dimensional complex numbers)
o(A) = {r €2 det (A—AT) =0},
where I is the (2 x 2) identity matrix and
A= 2 ,and I = Lo .
Qg1 Qoo 01

2See the appendix E.A.! where we gather some useful results from matrix algebra.
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The elements of o(A) are called the eigenvalues of A. The characteristic polynomial associated

to matrix A is the square polynomial in A
det (A — AI) = \? — trace(A) X+ det (A),
the trace and the determinant are
trace(A) = a;; + g9, and det (A) = ayy gy — Q15 Ay

Equation det (A — A\T) = 0 is called characteristic equation. The eigenvalues are the solutions of

the characteristic equation:

N = “%;(A) — VA(A), A, = MS(A) +V/A(A) (3.5)
trace(A)
—

2
) — det (A) is called the discriminant of A.
From equation (@), three types of distinctions can be made concerning the properties of the

where A(A) = (

eigenvalues (see Figure @)
First, the two eigenvalues are real if A(A) > 0 and they are complex conjugate if A(A) < 0.
In particular, if A(A) > 0 the eigenvalues are real and distinct and satisfy A_ < A_, if A(A) =0

trace(A
trace(A) © 4 if A(A) < 0 they

the eigenvalues are real and multiple and satisfy A = A_ = A = 5

are complex conjugate and satisfy

AL =a+ i, fori=v—1

where o = traC2e(A) and 8 = \/m

Second, the eigenvalues are generic in the sense that they will not change their type or sign
for small changes in the elements of the coefficient matrix A if A(A) # 0, or det (A) +# 0, or
trace(A) # 0 and det (A) > 0, and they are not generic otherwise, that is if A(A) = 0, or
det (A) =0, or trace(A) =0 and det (A) > 0.

In particular, if A(A) > 0 and trace(A) > 0 the two eigenvalues have positive real parts, if
A(A) > 0 and trace(A) < 0 the two eigenvalues have negative real parts and if A(A) < 0 the
two eigenvalues are real and symmetric signs (that is A_ < 0 < A, ). The following non-generic
cases include: the case A(A) = 0 in which the two eigenvalues are equal and have the same sign as
trace(A); the case det (A) = 0 in which the eigenvalues are real and at least one of them is equal
to zero; the case det (A) = 0 and trace(A) > 0 in which the eigenvalues are complex conjugate
with zero real part, and if trace(A) = det (A) = 0 in which the two eigenvalues are both equal to
zZero.

Figure @, that we call a bifurcation diagram i for the linear planar ODE shows all the
possible relevant cases, in which there are five generic cases (corresponding to two-dimensional
subsets) , five non-degenerate cases of co-dimension-one cases (corresponding to lines) and one

co-dimension-two case (the origin).

3This designation will be made clear in the chapter where we deal with non-linear ODE’s
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det A
A(A)=0 A(A)=0

atfi(a<0)
=<0 |
Ao <AL <0 0 <A <Ay

tr(A)

Figure 3.1: Bifurcation diagram for the linear planar ODE in (trace(A),det (A)). The gray area

corresponds to the existence of complex conjugate eigenvalues.

There is a useful relating the coefficients of the characteristic equation with elementary opera-

tions between the eigenvalues of any matrix A:
A_+ A, =trace(A), A\_X, =det (A). (3.6)

There is a close relationship between the discriminant of A and the the Jordan canonical form

which is similar to AB, which can be call the Jordan canonical form of A,

Lemma 1. Jordan canonical form of a matrix A The Jordan canonical form of A is deter-
mined by the sign of A(A): if A(A) > 0 then the Jordan canonical form of A is Ay if, if A(A) =0
the Jordan canonical of A is Ay, and if A(A) < 0 the Jordan canonical form of A is As.

Given any matrix A and its canonical Jordan form in equation (@) fundamental theorem of
Algebra proves that there is a (non-singular) linear operator P € R**2 such that the following
relationship holds

A=PAP ' A=P'AP. (3.7)

Matrix P is called the eigenvector matrix associated to matrix A.
The fact that any matrix A has a one-to-one relationship with one of the Jordan canonical
forms allows us to reduce the determination of the general solution of a planar ODE to the cases

involving a Jordan canonical form, and then using back the operator P.

4See the appendix BA .
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3.2.2 The matrix exponential function

We saw that the (general) solution of the scalar homogeneous equation § = Ay was y(t) =
y(0) e* where y(0) is an arbitrary element of Y C R for ¢t = 0. Recall that the exponential function

has the series representation

N = (A" 1 2 1 3
= =1+ XM+ ()" + = () + ..
e ;n! XS ()T 2 () +

For the planar problem we can also define a matrix exponential function

+o0
1 1
At — A" =T+ At + = A%+ .. )
e Z — + AL+ + (3.8)

n=0

which is a mapping et : T — R2*? with the following properties:

Lemma 2. Properties of matrix exponentials eAt.

A(t+s) At As

(i) semigroup property: e = efle

-1

(ii) inverse of the matriz exponencial is the the exponential of the inverse: (eAt) = e At

(iii) the time derivative commutes: LeAt = AeAt = eAtA

(iv) if matrices A and B commute, (i.e., if AB = BA) then e ATB)t — gAteBt

(v) Let P be a non-singular and square matriz. Then P APt = P~leAtp,

From Lemma E (v) as P"1AP = A then eAt = P APt — P-1eAlP or, equivalently
At — PeAtpflj

where A is the Jordan canonical of A.

Therefore, given any matrix A, the exponential matrix et if a (2 x 2) dimensional function
of t, and the time-dependency is determined a linear transformation of the matrix exponential of
Jordan canonical of A, e/,

This is an important result which means that the types of solutions, and the associated phase
diagrams, can be completely enumerated.

The exponential matrices for the Jordan canonical forms are:

Lemma 3. Matriz exponentials for the Jordan canonical forms, e*

Let A be a matrixz in an arbitrary Jordan canonical form as in equation (@) and let A\_, A, A\, «

and 3. be real numbers. Then,
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o IfA=A; then
et 0
eAt = eAlt = ( 0 6A+t> . (39)

1t
et = ehat — At ( ) : (3.10)

o If A=A, then

o If A=Ay then

oAl _ ohst _ gat cosfft  sinft ' (3.11)
—sin 8t cos St

Proof. Consider the definition of matrix exponential, equation (@) and the Jordan canonical form

matrices in equation (@) In the first case, we have

1 10 At 0 1 (X282 0
Mt =T, + At + - (A2 +... = + 1 += [ | F
2 0 1 0 At/ 2\ 0 A%

then, performing the matrix additions,

At L4+ At+ 32282 + .. 0 et 0
ettt = —
0 LT+ A b+ 22282 + 0 Mt

because e¥ = ZZ:) %y" That result is straightforward to obtain because the Jordan matrix is

diagonal. This is not the case for Jordan matrix A,, though. But if we decompose A, as

A0 0 1
Ay=Ay +Ay5 = (O )\>+<0 O)

and because the two matrices commute, i.e. Ay Ay5 = Ay oA, 5, then applying property (iv) of

Lemma E we obtain

Ayt Mg ths o)t — ghait oA ot

:e(

At
Ayt _ € 0\ _
et21t = ( 0 e”) = e,
Using again formula (@) for matrix A, , we get
10 0 t\ t (00
ehzol = - + = -
01 00 2 \0 0

(1t
o1
therefore multiplying by matrix e®2.1? yields ()

In the third case, A5 is again non-diagonal, but it can also be decomposed into the sum of two

(] =€

where

matrices, Az ; and Aj 5, that commute

a 0 0 p
A=A, +A3,2:<0 a>+<—6 O>'
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Applying again property (iv) of Lemma E we get

At _ Ag it JAg ot
33—83’19372,

eA371t:eat L0 .
0 1

Using again formula (@) for matrix A; , we get

ehat — Lo n 0 pt n ﬁ B2 0 4. = [ cos Bt sin 3t |
0 1 —Bt 0 2 0 —p%? —sinf8t cos St
n y2n+1 n y2n
because siny = >, 0 —“—— and cosy = > . —, we get () O

n=0 (2n + 1) n=0 (2n)

In the literature, there are two matrices that can we can call non-canonical:

A0 o
Adz<0 )\),orAhE<ﬁ i) (3.12)

where A\, a and [ are real numbers. In the case of A, there are multiple eigenvalues, both equal

to A although the matrix is not of the form A,, and in the case of A, the spectrum is o(A;) =

where

{ a+ B,a — B} which are two real numbers.

Lemma 4. If A is in the non-canonical form A,, in equation (), then
eAat — At 10
0 1

1. if A is in the non-canonical form A, , in equation (), then B

oAnt _ pat C?Sh(ﬁt) sinh (5t) (3.13)
sinh (5t) cosh (St)

Proof. We know that A = PAP!, where A is the Jordan form of A. Then eAt = ePAP 't —
Pe P! by property (v) of Lemma E Matrix A = A, has two equal real eigenvalues equal to A
and, because it is diagonal it satisfies A; P, = P;A,. Therefore P, =1 and

etdl = PeMIP T =M1
Matrix A = A, has the real spectrum o = { o + 8, @ — 8} and has eigenvector matrix
1 —1
P -

®Recall cosh (Bt) = $(ef* + e ') and sinh (8t) = §(e* — e P")
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Therefore, the exponential matrix is

1 —1\ [eletBrt 1)
eAnt —
1 1 0 elath)t 1 1

which, expanding the matrix multiplication, yields matrix () O

We start by presenting, in section @, the cases in which A = A and in @ the cases in
which matrix A is not in the Joerdan canonical form. We will see that the first case provides the

fundamental types of dynamic systems generated by planar linear ODE’s.

3.3 ODE with Jordan coefficients

The most simple type of planar ODEs is one in which the coefficient matrix A is in a Jordan
canonical form
y=Ay+B (3.14)

which covers the following cases

)

{91:)\91“‘171» {91:)\3/1‘1‘3/2‘{‘1’1’ and{fh:alh“‘ﬁ?h"‘bh
Yo = Ay Yo + by, Yo = Ays + by, Yo = =Ly +ays + by

in which all the coefficients are real numbers and b; and b, can be any real number, including
B =0. We first find the solution for the homogenous ODE which satisfies B = 0:

Proposition 1. Solution for the homogenous ODE () for B = 0 Consider the ODE
() with B = 0. The solution always exist and is uniquely represented by the mapping ® :
T xY— YCR?,

y(t) = ®(t,y(0)) = erty(0), fort € T =10, 00) (3.15)

where y(0) € Y is an arbitrary element of the domain of y fort = 0.

Proof. Conjecture that the solution is y(t) = eAy(0) for an arbitrary value of y(¢) when t = 0. To
prove that this function satisfies ODE () we take a time derivative to find (from Lemma P (iii)

4oy & o

(1) = —ehy(0) = Aehy(0) = Ay(1).

O

The (general) solution of equation (B.14), y(t) = ®(¢,y(0)) can take one of the following three

forms, where y(0) is an arbitrary value for y at time ¢ = 0:

1. if A = A, then the solution is similar to the solution for two coupled scalar ODE’s

B et 0 v1(0) . yl<0)€>"t
y(t) = ( 0 eM) <y2(0)> = (y2(0)e>‘+t> (3.16)
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2. if A = A, then the type of solution is new to planar ODE’s

_ (et y1(0))  (%1(0) +y(0) 8
y(t) = (0 eM> (yg(o)) = e ( 12 0) ) (3.17)

3. or, if A = A5 then we have again a new type of solution

" ( cgs Bt sinBt) (yl(O)) _ pat ( y1(0) C().Sﬁt + y5(0) sin Bt ) (3.18)
—sin 8t cos Bt Y (0) —,(0) sin Bt + y5(0) cos Bt

Now let B # 0 in the planar ODE (), which becomes a non-homogenous ODE. To study
this equation it is useful to consider its steady states.

The set of steady states of equation () is the set of elements of the range of y, Y such
that

y :{er: Ay—i—BZO}.
Next we show that this set is non-empty, meaning steady-states always exist, but it may contain

several elements, meaning that steady-states may not be unique.

Lemma 5. A steady state (not necessarily unique) always exists such that

y =—ATB+(I—-A"A)y(0) (3.19)
where AT is the Moore-Penrose inverse of A and y(0) is an arbitrary element of Y.
Proof. See (Magnus and Neudecker, 1988, p36). O]

The following cases are possible.

Non-degenerate case If det (A) # 0 then the Moore-Penrose inverse is the classical inverse,
that is A* = A~! which satisfies A= A = I. Thus, from equation (), the steady state is unique
and it is

y=—AB,
is independent of the value of y(0). If B = 0 then the steady state isy = 0.

Degenerate cases If det (A) = 0 then A(A) > 0. Then all the eigenvalues are real, which

means that the Jordan matrix A is diagonal, and it has at least one eigenvalue which is equal to

zero. There is one zero eigenvalue if trace(A) # 0 and two zero eigenvalues if trace(A) = 0. This

means that the associated Jordan matrices can be

aed (Ao_ 8) ! (8 ;1) ) (8 8) I (3.20)

and the associated Moore-Penrose inverses are

1
N — o) (00 0 0
A e{ (Aa 0)’ (0 ;),(0 0) } (3.21)
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Therefore, substituting those matrices in equation () we find

canc L0000

and there is always an infinite number of steady states depending on the arbitrary element y(0).
If trace(A) # 0, for the two first cases, applying equation (), we find the steady states are in

infinite number,
_bil v1(0)
Sf = A , Or Sf = _b72 . (322)
Y2(0) Ay

In both cases the steady states belong to a one-dimensional manifold in Y: in the first case it

traces out a line such that y, = —)\—1 (a vertical line in a Cartesian diagram) and in the second
by B
Ay
If trace(A) = 0 there is also an infinite number of steady states

- y1<0)
Y= <y2(0)> ) (3.23)

which in this case any point in the two-dimensional set (surface) Y is a steady state.

such that y, = —— (a horizontal line in a Cartesian diagram).

Therefore, a steady state always exists, it is unique if det (A) # 0 and there is in infinite number
if det (A) = 0.
Next, we obtain a general form for the solution of ODE (), for any matrices A and B.

Proposition 2. Solution for the non-homogenous ODE () Consider the ODE () for

an arbitrary real vector B € R2. The solution to the ODE always exist and is uniquely given by
yt)=y+ ert(y(0)—y)+ (I—ATA)Bt, fort € T=[0,00) (3.24)

where y(0) is an arbitrary element of Y for t = 0 and 'y is the corresponding steady state as in
equation ()
Proof. We start with the case in which det (A) # 0. Then again, matrix A has a unique classical
inverse, A* = A~!, which implies that y = —A !B and I —A"A = 0. Define z(t) = y(t) — § where
y is given in equation () Then 2 =9y =Ay+B =A(y— y ) = Az, yields a homogenous
ODE z = A z, whose solution is, from equation (), z(t) = eMz(0). Going back to the original
variables we have
y(t) =y + e (y(0) = ¥).
If det (A)) = 0 the coefficient matrix itakes one of the forms in equation () Therefore, the

ODE’s can take one of the following forms

{yl_)‘yl+b1 {yl =b {191 =b
or or
Uy = by 92:A+y2+b2 Yo = by.
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Using the results for the scalar ODE, the solutions are

(O =35+ 0) + 3 R N b {ym 1y (0) + byt
Yo(t) = y5(0) + byt Yo(t) = _)\*2 +eM (y(0) + )\*2) Yo(t) = y1(0) + byt.

+ +

If we consider: first, that the steady states in the first and second cases are the same we obtained
in equation for the first two cases (EQQ) and (52%) for the third case; second, that the exponential

equations are, respectively
ert 0 1 0 10
b 70r ;
0 1 0 ert 01

and, at last, their Jordan matrices in equation (), their Moore-Penrose inverses in in equation

(), we see that equation () covers all cases. O

3.4 ODE with general coefficients

In this section we solve the general planar ODE
y=Ay+B (3.25)

where matrix A is not in the Jordan canonical form and B can be any real vector. This covers
both the homogenous case in which B = 0 and the non-homogeneous case in which B # 0.

We start by presenting an useful result

Lemma 6. Consider the coefficient matriz A and let P and A be its associated eigenvector matrix
and Jordan canonical form. Then, the ODE () with general coefficient matriz A can be

transformed into an ODE with coefficient matrix mL
y(t) =Pw(t) (3.26)
where P is the eigenvector matriz associated to A and w(t) is the solution of the ODE

w=Aw+P !B (3.27)

Proof. Recall the transformation A = PAP~! where matrix P is non-singular. Then we can

introduce a unique linear transformation w(t) = P~ly(¢). Then

w=Ply=P ! (Ay+B)=AP 'y+ P 'B=Aw+ P 'B.
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Lemma 7. The solution to the ODE transformed coordinates w, equation () is
w(t) =w +er(w(0)—w)+ (I-ATA)P 1Bt (3.28)
where
w =—ATP !B+ (I-ATA)w(0)
and w(0) = P71 y(0).
Proof. ODE () is a non-homogeneous ODE in which the coefficient matrix is in the Jordan
canonical form. Comparing with equation () we find that instead of B we now have P71B. By

performing this substitution in the solution to the last ODE, in equation () we find the solution
of the transformed ODE in equation (B.2§). O

Proposition 3. Steady state for the non-homogenous ODE () Steady states for equation
() exist and are given by
y=—A"B+ (I-A"A)y(0), (3.29)
where ATA=PATAP L.
Proof. Multiplying equation () by P we get
y =Pw

=—PA"P'B+P(I—-A"A)w(0)

=—A"B+P(I—-ATA)P ! y(0)

=—A"B+ (PP !'—PATAP!)y(0)

=—A" B+ (I-ATPP! A)y(0)

=—A"B+ (I-A" A)y(0)

The general solution to equation () exists and is uniquely given by the next result.
Proposition 4. Solution for the non-homogenous ODE () Consider the ODE () for

any matriz A € R?*2 and vector B € R2. The solution to the ODE always exist and is uniquely
given by

yt)=y+ er'(y(0)—y)+ (I—ATA)Bt, fort € T=10,00) (3.30)
where the steady state'y is given in equation (), and y(0) is an arbitrary element of Y fort = 0.
Proof. Multiplying equation () by P we get the inverse transformation y(t) = P w(t). Using

the solution for the transformed variables in equation (B.28) we get
y(t) = Pw+Per(w(0) —w) + P(I—ATA)P 1Bt
=y +PeMP 1 (y(0)—y) +PI—ATA)P 1Bt
y+er(y(0)—y)+(I-PATAP ! )Bt
which gives equation (B.30). O

This general result is consistent with several cases for a general B matrix.
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3.4.1 Non-degenerate ODE’s

Next we present the specific forms for the ODE () in which det (A) #0
If det (A) # 0 then AT = A~! then there is a unique steady state

y=A"1B.
Expanding the previous formula, we have
(7 _ 1 Ao by — a1 by
Yo det (A) \ —ay; by — ay; by
Remembering that e = P e P~ where e is the matrix exponential of the Jordan canonical
form which is similar to A, then the solution to the ODE, in equation (), can be written as

y(t) =y +PeMk
where k = P~1(y(0) — y), expanding
k) 1 Py =P\ (1(0) -7,
ky)  det(P) \=Py P ) \1(0) -7,

in which y(0) is an arbitrary element of Y at time ¢ = 0.
Then the solution may be expanded in the following forms, by determining the eigenvalues as

in
1. If A(A) > 0 then the Jordan canonical form of matrix A is A;. The general solution is

y(t) =5 + ki e*'P~ + ke P
where P~ (P™) is the simple eigenvector associated with A_ (X, ), or, equivalently
(Zh(t)) _ (91) b et <P1_> + ket (Pf)
Yo(t) Yy Py PzJr
If A(A) > 0 then the Jordan canonical form of matrix A is A,. The general solution is
y(t) =y + e (PY(ky + kyt) + ko P?)

where P! is a simple eigenvector and P? is a generalized eigenvector (see the Appendix), or,
ple eig g

(326 s (1) (1)

Yo (1) Yo

equivalently
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3. If A(A) < 0 then the Jordan canonical form of matrix A is A;. The general solution is

y(t) = ¥+ e ((ky cos Bt + kysin St)P + (k, cos Bt — ky sin 5t)P?) =
= Y+ e (ky(cos StP! —sin StP?) + ky(sin StP! + cos StP?)).

where P is a eigenvector (see the Appendix for the determination of the eigenvector matrix

in the case in which the eigenvectors are complex) or, equivalently,

Y, (t) Uy e P} cos Bt — P sin 5t Lk Pl sin Bt + P? cos (5t
e .
Yo (t) Uy ! Pj cos ft — P sin 3t 2 Pj sin 8t + P§ cos 3t

3.4.2 Degenerate cases

Degenerate cases occur for det (A) = 0 implying that AT # A~! and that the Jordan canonical
form is diagonal (i.e, of type A; in which one or two of the eigenvalues are equal to zero).

As A =PAP ! then A* = PATP!and AYtA=PA"P'PAP ! = PA"AP! where
A is one of the Jordan forms in equation () and A is the associated the Moore-Penrose in
equation (), depending on the trace being trace(A) # 0 or trace(A) = 0.

First observe that () can be expanded as

y(t)=—PA"P !B+ e*'(y(0)+ PATP!B)+ (I-PATAP!)B¢

where we can see that there are some components which are independent from the particular
Jordan form in equation () and others which depend on the particular Jordan form.
For the first case we have B = P~1 B and w(0) = P~ y(0), and write their expansion as

5 _ AN —Py by + Py b,
- \b,) det(P) \ Pjb, —Pfb,

_ (w-(0) Py +P1 Y2(0)
w0 = (w+(0)> det ( Py y1(0) — P y,(0) )

For the second case we have, if A_ <0 =

and

—Py P Py Pf
I-PATAP ! = !
det —Py P Pr P;
for the case in which A_ =0 < A, we have
- pAtAPI— L (BB PR
det(P) \ P Py —P/ Py

and for \_ =X, =0 we have I-PATAP ' =1L

Therefore the solutions become
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From this point on I will post a revised version soon.

3.5 Characterizing solutions to linear planar ODEs

3.5.1 solutions when A is a Jordan normal form

Characterizing the possible dynamics for coefficient matrix in one of the canonical forms is necessary
if matrix A is in a Jordan canonical form and it is useful if the coefficient matrix is not in a Jordan
canonical form. This is because an implication of Lemma E is that the time dependency of the
solution results from the dynamics of the associated canonical form. Furthermore, this means that
the number of cases to analyse can be explicitly enumerated.

We consider next the homogeneous ODE
w=Aw.

which can be seen as a homogeneous version of equation () or of equation ()
We can enumerate the types of solutions along several criteria. We will focus on two criteria:
first, the time dependency of the solution, and, second, the asymptotic behavior of the solution,

i.e, the path of w(¢) when ¢ tends to infinity.

Time dependency of solutions

From the first perspective we can have the following type of solutions: stationary, monotonic,

oscillatory, periodic solutions and hump-shaped.

Stationary solutions We say the solution is stationary if w(¢) is a constant for all ¢ € T. In
this case w(t) = 0 for all ¢.

Monotonic solutions We say the solution is monotonic if sign(w(t)) is the same for all ¢ € T.
This means that the solution is monotonically increasing if w(¢) > 0 for all ¢, it is monotonically
decreasing if w(t) < 0 for all t. A stationary solution can be seen as a particular type of monotonic

solution.
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Oscillatory solutions A solution is oscillatory if w(t) = w(t+p(t)) for ¢t € T and time-dependent
period p(t) € T: the solution is repeated in increasing intervals if P (t) > 0 or in decreasing intervals
if p' (t) < 0. For these solutions, there is a sequence of points, increasing or decreasing in time
T € {ty,tq, ..., b, ...} such that w(7) = 0. In our case if there are two complex eigenvalues with

non-zero real part, that is a # 0, then the solution is oscillatory

w(t) = eot kq cos Bt + kqy sin St
ko cos Bt — kysin Bt )

Periodic solutions If a solution satisfies w(t) = w(t + p) for t € T and p € T it is a periodic
solution period p. This is a particular case of an oscillatory solution in which the period is constant.

In our case if there are two complex eigenvalues with zero real part then the solution is periodic

w(t) = k, cos Bt + ky s%nﬁt '
ko cos Bt — k; sin 5t

This case occurs if and only if trace(A) = 2a = 0. Observe that in this case and if we transform
the system into polar coordinates (see appendix we have r(t) = r, constant and 6(t) = 6,—St.

Hump-shaped solutions If the solution of a planar equation is such that only one variable
satisfies w;(t) = 0 for a finite ¢ € T and the other variable w_;

; is monotonic, then we say the

solution is hump-shaped. This case only occurs for the general homogeneous equation when there
are eigenvalues with real parts.

Steady states and stability analysis

The second perspective on equations deals with their convergence as regards steady states.

Steady states
Definition 1. Steady states A steady state is a fized point to equation 77 such thaty = Ay = 0.

If A = A is in the Jordan form we define the set of steady states
w ={weY:Aw = 0}.

An important distinction should be made: while a stationary solution is a function of ¢ such
that w(t) is constant, for all ¢ € T, a steady state is a fixed point of the vector field generated
by the differential equation. However, for a planar ODE the solution of the differential equation
is stationary if and only if it is a steady state. A stationary solution can only exist for particular
values of k € Y. We will see that both the number of steady states and the convergence to or

divergence from a steady state are determined by the parameters (in vector A).
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Let 0 € Y. Then steady states always exist but need not be unique. We have again three main

cases: First if A = A, the two eigenvalues are real and distinct and we have four possible cases.

{0 6)- () ()

where k = (ky,ky)" is an arbitrary element of Y. The steady state is an unique point

ie.,

w = 0 € Y If the two eigenvalues are non-zero, A, # 0 and A_ # 0. The steady state is a
one-dimensional manifold in YIf A, =0, A\_#0and k; #0orif A\, #0, A\_ =0 and k, # 0.
Every point in Y is a steady state if A, = A_ = 0. If the steady state is unique we call it a node
and when it is not unique we call it a degenerate node.

Second, if A = A, then the two eigenvalues are real and equal and we have two possible cases

Aa) (43

The steady state is unique if w = 0 € Y and the eigenvalue if different from zero, and the steady
state is one dimensional manifold in Y if the eigenvalue is equal to zero and k; # 0. If the steady
state is unique we call it a node with multiplicity and if it is not unique it is a degenerate
node with multiplicity.

Third, if A = A4 then the steady state is unique

In this case, the steady state is called a focus.

Stability properties A solution w(t) is asymptotically stable if lim, .. w(t) =w = 0 for
any k # 0, i.e., the solution converges to the steady state.

A solution is unstable if for any k # W = 0 then lim, ., w(t) = 400, i.e., the solution
diverges. A solution is semi-stable (or conditionally stable) if there is a a subset of values £% € Y
such that if k € £° then lim, , . w(t) =W = 0 but if k ¢ £° then lim, ,  w(t) = +o00, i.e, the
solution is asymptotically stable for some values k but is unstable for others.

The eigenvalues of A not only determine the number of steady states but also their stability

properties:

Proposition 5. The asymptotic dynamic characteristics of the solution of equation () is de-
termined by the real part of the eigenvalues, Re();), i = 1,2 of matriz A:

1. if all the eigenvalues have negative real parts then all solutions of ODE () are asymptot-
ically stable;

2. if all eigenvalues have positive real parts then all solutions are unstable;
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3. if there is one negative and one positive eigenvalue (A; > 0 > X\_) then the solution to ODE
W = Aw is semi-stable: it is unstable if k; # 0 and it is asymptotically stable if ky = 0;

4. if there is one zero eigenvalue the fized point is a one-dimensional manifold (a center mani-
fold), the solution will converge to it if the other eigenvalue is negative (i.e., in case A, =0
and A_ < 0) and will not converge to it if the other eigenvalue is positive (i.e., in case A, > 0
and A\_ = 0). In the first case there is a degenerate stable node and in the second case a

degenerate unstable node

Proof. (1) If we consider the solutions (B )—() such that the real parts of the eigenvalues are
negative (i.e, A\, <0and A\_ <0, or A < 0or o <0 ) then we see that the solutions tend to the
fixed point w = 0 for any k; and k,. (2) If there is an eigenvector with a positive real part (i.e,
A >0o0r A_>0,0or A >0or >0 ) then given any point k # W then the solution will be

unbounded. All the other cases can be characterized in an analogous way. O

Eigenspaces The solutions of equation y = Ay is a weighted average of two elementary functions

weighted by h = (hq, hy). For example, if A = A; we could write its solution (?7?) as

y (t) = hyPlert + h,P2e?-t. (3.31)

A+t and eM?, acting

That is, the solution of the ODE is a superposition of two elementary function e
on the directions given by P! and P2, respctively, and weighted by the arbitrary constants h; and
hy. In other words, the elementary components of the time behavior of the solutions, e*+! and e*-,
are linearly transformed by the eigenvectors P! and P2.

We define the eigenspaces as the subsets of space Y which are followed by those two elemen-

tary solutions:

&' = {weY: spanned by P'}
& = {w €Y: spanned by P?}

Clearly the range of y satisfies Y = &1 @ &£2.

In the case of equation w = Aw because P = I we have

51 = {WEYw2:O}
& = {weyY: w =0}

which is equivalent to setting k, = 0 in the first case and k; = 0 in the second.

We call stable, unstable and center eigenspaces to the subsets of Y which are spanned by the
eigenspaces associated to the eigenvalues with negative, positive and zero real parts. Formally the
stable eigenspace is

&% = @{ & : Re();) <0},
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the unstable eigenspace is

Ev=@{ & Re(};) > 0},
and the center eigenspace is

E°=@f &7 : Re();) =0}

Again we have
Eplrepée=Y.

Let n_, n, and n_ be respectively the number of eigenvalues with negative, positive and zero real
parts. Another way to see the relationship between the eigenspaces and the range of the dynamical

system is based on the observation that
n_+n,+n,=2.
and that the dimension of the there eigenspaces are therefore

dim(&*%) =n_, dim(&*) =n,, dim(&°) =n

c)

implying
dim(&?) + dim(&%) 4+ dim(&°) = dim(Y) = 2.

Therefore, for a planar ODE we have:

1. if all eigenvalues have negative real parts, i.e., if n_ = 2, then & = &' @ E?> =Y, and &% and
&¢ are empty, which means that &£ is spanned by &' and &2 (i.e, the elements in &° are a

weighted sum of elements of ' and £2). Then Y is the attracting set;

2. if all eigenvalues have positive real parts, i.e., if n, =2, then & = &' @ E? =Y, and &° and

&¢ are empty. Then Y /y is the repelling set

3. if there is a saddle point, i.e., if n_ = n, = 1, then &° = E% &% = Y/E® and , and &° is
empty. Then &° is the attracting set and £ is the repelling set

4. if there is at least one eigenvalue with zero real part, i.e., if n® € {1,2}, then £¢ is non-empty.

Phase diagrams

The geometrical approach for solving ODE consists in drawing a phase diagram.
Phase diagrams for planar autonomous ODE are drawn in the space (w;,w,) and contain the

following elements:

1. isoclines (or nullclines) are lines in space (w;, w,) such that w; or w, are constant, that
is
I]wl = { <w17w2> €yY: wl = 0}7 and UwQ = { (w17w2> €yY: w? = 0}

The steady states are the locus or loci where isoclines intersect;
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2. the eigenspaces &! and &2 are lines in Y whose slopes are given by those of the eigenvectors
P! and P2. They span the stable, unstable and center manifolds, £%, &%, and £¢, which are

lines or two-dimensional subsets of Y;

3. some representative trajectories, also called integral curves, that is parametric curves of
the solution to the ODE within space Y. They are usually represented with direction arrows

showing the direction of the solution with time.
4. the vector field indicating the direction of time evolution for a grid of points in Y.

There are four main types of phase diagrams: nodes, if all eigenvalues are real and have the
same sign, saddles if there is one positive and one negative eigenvalue, foci if the two eigenvalues
are complex conjugate with non-zero real parts, and centers if the two eigenvalues are complex
conjugate with zero real parts.

Next we present a complete list phase diagrams:

Stable nodes A stable node exists if there is at least one real negative eigenvalue and there are
no positive eigenvalues. There are three cases: the non-degenerate stable nodes (figure @), the
degenerate stable node (see figure @) and the stable node with multiplicity (see figure @)

In the case of figure @ the phase diagram contains the following elements

 there are two isoclines: the abcissa, associated w, = 0 which is the loci where w, is constant,

and the ordinate, associated w;, = 0 which is the loci where w; is constant
« a fixed point where the two isoclines cross at (w;, wsy) = (0,0)

o the eigenspace &' which is coincident with w, = 0 associated to the eigenvector A , and
eigenspace €2 which is coincident with 1y, = 0 associated to the eigenvector A_. This co-
incidence occurs for decoupled systems where A has the Jordan form A;. The whole space
Y (with the exception of the fixed point) corresponds to the stable eigenspace £%. Both the

unstable eigenspace and the center eigenspace are empty.

« four representative trajectories. Observe that the slope of the trajectories is parallel to &2 for
initial points far away from the fixed point and they tend asymptotically to . To prove this

we write their slope in the phase diagram, for any ¢, s(t)

wz(t) _ S(t) — %e(A—*AQt'
1

k
We see that s(0) = k—g, lim, , . s(t) = oo and lim,_,  s(t) = 0 because A_ — A, < 0. This

1
means that all trajectories converge to the steady state along trajectories which are tangent
to line w, = 0, that is, to the eigenspace &', or to the direction defined by the eigenvector

P! which is associated with the eigenvalue with smaller absolute value.
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In the case of the degenerate stable node, such that 0 = A, > A_, in figure @, we have £¢ = &2
and &5 =Y /&2, &€ is also loci of fixed points which are in infinite number.

In the case of multiplicity (see figure @) the trajectories approach P! whose slope is given by
the simple eigenvector P! = (1,0)".

Figure 3.2: Stable node: phase diagram and representative trajectories for the ODE w; = —0.5w,

w2 - _w2.

Saddle point A saddle points exists if the two eigenvalues are real and A\_ < 0 < A_. Figure @

presents the phase diagram containing the following elements

 there are two isoclines: the abcissa, associated wy = 0 which is the loci where w, is constant,

and the ordinate, associated w, = 0 which is the loci where w,; is constant
« a fixed point where the two isoclines cross at (w;,wsy) = (0,0)

o the unstable eigenspace !, which is coincident with 1w, = 0, associated to the eigenvector
A, > 0 and the stable eigenspace £° = &%, which is coincident with 1, = 0, associated to
the eigenvector A_ < 0. The unstable eigenspace & is almost coincident with all set Y, as

E" =Y /&°This coincidence occurs again for decoupled systems where A has the Jordan form

A,

Unstable nodes A unstable node exists if there is at least one real positive eigenvalue and there
are no negative eigenvalues. There are three cases: the non-degenerate unstable nodes (figure @),
the degenerate unstable node (see figure @)

The interpretation is analogous to the stable nodes, if we introduce a time reversal, and if we

substitute the stable eigenspace with unstable eigenspace.
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Figure 3.3: Degenerate stable node: w; = 0, wy = —w,.

Figure 3.4: Stable node with multiplicity: w; = —0.5w; + wy, Wy = —0.5w,.
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Figure 3.5: Saddle point: w; = 0.5w;, Wy = —ws,.
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Figure 3.6: Unstable degenerate node: w; = 0.5w;, wy = 0.
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Figure 3.7: Unstable node: w; = w,, wy = 0.5w,.

Figure 3.8: Unstable node with multiplicity: w; = 0.5w; + wy, Wy = 0.5w,.
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Stable foci

A stable focus exists if there are two complex conjugate eigenvalues with negative real parts
(see figures @ for § > 0 and for 5 < 0).

In this case we see that there is asymptotic stability, as for the case of the stable node in figure
@, but the trajectories are oscillatory. We also see that the stable node with multiplicity @ is a
boundary case between stable node and foci. The stable eigenspace is coincident with the whole

space Y and the unstable and center eigenspaces are empty.

Figure 3.9: Stable focus: w; = —0.5w; + 0.5w,, wy = —0.5w; — 0.5w, (case a < 0 and B > 0).

Unstable foci
An unstable focus exists if there are two complex conjugate eigenvalues with positive real parts
(see figures for § > 0 and for 5 < 0). The unstable eigenspace is coincident with the

whole space Y and the stable and center eigenspaces are empty.

Center A center (see figure ) exists , if eigenvalues are complex conjugate and have zero
real parts. The center eigenspace, £¢, is coincident with the whole space Y and the stable and the

unstable eigenspaces are empty. If w % 0 then all the trajectories are periodic.

3.5.2 Characterizing solutions when A is not in the Jordan form

Now we address the general planar linear homogeneous equation y = Ay already derived in equation

(??)7
y(t)=Pe' h

where h = P~1k. By observing that y(t) = Pw(t) we see that the solution in this case is a linear

transformation of the solution for the case in which the coefficient matrix is in the Jordan form.
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Figure 3.10: Stable focus:w; = —0.5w; — 0.5w,, wy = 0.5w; — 0.5w, (case a < 0 and S < 0).

Figure 3.11: Unstable focus: w; = 0.5w; + 0.5wy, wy = —0.5w; + 0.5w, (case a > 0 and S > 0).
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Figure 3.12: Unstable focus: w; = 0.5w; — 0.5w,, wy = 0.5w; 4+ 0.5w, (case a < 0 and 5 < 0).

Figure 3.13: Center: w; = —0.5w,, wy = 0.5w; and w; = 0.5w,, wy = —0.5w; (cases a = 0 and
B >0,and a =0 and 3 < 0).
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This means that

1. the qualitative properties of the dynamics are the same, in particular, the number and stability

type of the steady state(s)

2. the dimensions of the stable, unstable and center eigenspaces, partitioning the range Y, is the

same

3. the only difference is related to the slopes of the eigenspaces and therefore of the solution

trajectories, because the eigenvector matrix P is different from the identity matrix.
In particular we can have one of the following (general) solutions

1. if A = A4, the general solution is

y(t) = hye* Pl 4 hyer-tP?

<y1<t>> ot (a-) het (Pf)
yo(t) ' Py 7 Py

2. if A = A,, the general solution is

or, equivalently

y(t) = e (Pl(hl + hot) + h2P2)

RON Py p
() = (o () ()

3. if A = A, the general solution is

or, equivalently

y(t) = e ((hycosBt+ hysin Bt)P! + (h, cos ft — hy sin ft)P?) =
= e (hy(cos BtP! — sin BtP2?) + hy(sin StP! + cos ftP?)) .

or, equivalently,
Yy (t) at [ Py cos Bt — Py sin Bt Lo Py sin Bt + Py cos Bt
=€ .
Yo (t) ! Py cos Bt — Py sin Bt 2 Py sin Bt 4+ Py cos Bt
The next example allows for a comparison between the solutions of an homogeneous problem

when the coefficient matrix is a Jordan form with the case in which it is a similar matrix but not

in the Jordan normal form
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Example 1 Solve the planar ODE assuming that w € R2.

We readily see that the coefficient matrix in in the Jordan form A
A= 30 :
0 -3
The (general) solution of the ODE is

wi(t)\ [ et 1\ 0\ .
(vie) = () = o) ()

Therefore: (1) there is a unique steady state W = (w;,w,) = (0,0); (2) the steady state is
a saddle point; (3) the eigenvalues of the coefficient matrix are A, = 3 and A\_ = —3 and the
associated eigenvectors are P! = (1,0)" and P? = (0,1)"; (4) the eigenspaces associated to the

eigenvalues A\, and \_ are
El={weR:w,=0}, & ={weR?:w, =0};

(5) then the center eigenspace £¢ is empty and the stable and unstable eigenspaces are both of

dimension 1 and the unstable and stable eigenspaces are
Es = 52’ EY = [R2/55

meaning that for any k # (0, k,) the solution is unstable.

That is, trajectories belonging to the stable subspace, that is converging to the steady state,

should have k; = 0, that is they are
wy () B 0
w2 (t) h2€)‘*t

The phase diagram for this equation is very similar to the one depicted in Figure @

Example 2 Solve the homogeneous ODE over the domain y = (y;,y,) € R%:

Yy = —2y; + 5y,

. (3.32)
Y2 = Y1 + 2ys.
where
—2 5
A= .
1 2
As trace(A) = 0 and det(A) = —9 the eigenvalues are A\, = 3 and A_ = —3, which means that

the coefficient matrix is similar to the previous example. The eigenvector matrix is

P = (P!, P?) = G f) :
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This means that the eigenspaces are
E'={yeR iy —y =0}, E={ (yeR: ¢y, +5¢, =0}

As det(A) # 0 then the fixed point exists and is unique and is y = (4;,%,) " = (0,0)".
The (general) solution of the equation, y(t) = Pe® h, is

y(t) = hy (1) e3t + hy <_15> e 3t (3.33)

The stable and the unstable eigenspaces (the center eigenspace is empty. Why 7) are

& ={ (y1,92) : Y1 + 5y =0}, E“ =R*/(&°U{(0,0)} .

and the stable subspace is equal to the eigenspace £2. Then, if the initial point is such that
(y1(0),45(0)) = (=5y5(0),y5(0)) for any choice of y,(0) the solution converges to the steady state
y = (0,0)". For any other initial point the solution is asymptotically unbounded.

We can prove this in two different but equivalent ways: First, we can consider the general
solution in equation of (B.3G) and set h; = 0. Comparing to the case in which the coefficient

matrix is in the similar Jordan form we have

hi\ 1 [k +5k,
hy) 6 \—k +ky)

we see that this holds if and only if y; (0)+5y,(0) = 0, because the constant k; and k, are arbitrary.
The second way (which we can used without having to determine h,) consider the general solution
and the observation, again, that we can only eliminate the unbounded part of the solution if we

have h;. This means that the solution along the stable subspace is

Yy (t) = —Bhye ™, y,(t) = hye ™!

t

By eliminating h,e3! in the two equations we have y,(t) = —5y,(t).

To study the equation geometry we draw the phase diagram (see figure ) Given the
fact that we have a positive and a negative eigenvalue we know that it is a saddle. However, to

determine their configuration in this case, we draw the following elements:

1. the isoclines, that is, the loci for ¢; =0 and ¢, =0

ﬂyl ={ (Y1, ¥2) * —2y; + 5y, = 0}, ﬂy2 ={ (W1,Y2) * Y1 +2y, =0}

2. the eigenspaces &' and &?;
3. the vector field;

4. as the model is linear and the vector field should show us that the stable eigenspace is

coincident with the eigenspace associated to the eigenvector P?;
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5. all the isoclines and the eigenvectors cross at the steady state (0,0);

6. if the initial point is not at the origin, then two types of paths are possible: first, if they start
at £° they will converge to the origin; second, if they do not start at the origin they will be
parallel to £2 at the beginning and will converge to &' asymptotically. Observe that when
they cross any isocline they should change direction as regards the variable associated to the
isocline. For instance, if they cross [, ([, ) they should be tangent to a vertical (horizontal)

line.

Figure 3.14: Saddle: y; = —2y; + 5ys, Yo = y; + 2y,.

3.6 The non-homogeneous equation

In this section we solve the non-homogeneous equation (@), y = Ay + B, where A is similar to

one of the Jordan forms already presented or is equal to a new matrix

A0
A= .
It is convenient to start by addressing the existence and number of steady states, or stationary

solutions.

Steady states are defined as the elements of the set

y ={yeY: Ay+B=0}



Paulo Brito Advanced Mathematical Economics 2020/2021 33

Again we write the eigenvector matrix associated to coefficient matrix A

pPr Py
P= .
Py Pf

Proposition 6. (Existence and number of fized points)

1.

6.

If A has no zero eigenvalues then a steady state exists and is unique and it is

y=—-A"B.

If A(A) >0, and A\, =0, \_ < 0, and Pyby = P;"b, then there is an infinite number of

equilibrium points belonging to a one-dimensional manifold (a line)

ve{ (,y) €Y Pr(Ayy—by) =Py (Ay, —0)}

If A(A) > 0, and A\ > 0, A\_ = 0, and P; by = Py b, then there is an infinite number of

equilibrium points belonging to a one-dimensional manifold

Te{ Wy €Y: P Ay —b) =P (A y,—by)}.

. IfA(A) =0, A\=0, and P, b, = P{ by then there is an infinite number of equilibrium points

belonging to a one-dimensional manifold
Ye{(y,y2) €Y: Py —by) =Py (g2 —by)} -

if A =0 and Pyby, — P;"b; = P by — Py by = 0 then we have an infinity of equilibrium points

belonging to a two-dimensional manifold (i.e., the whole space Y).

If none of the former conditions hold there are no steady states.

Proof. A steady state is a point y such that Ay = —B. If det (A) # 0 then a there is a unique

inverse matrix A~! and therefore a unique fixed point exits ¥y = —A~'B. If matrix A is singular,

that is det (A) = 0, then a classical inverse does not exist. In this case, observe that Ay = —B

is equivalent to PAP 'y = —B and also AP~'y = —P~! B. Because in this case there only real

eigenvalues, there are two forms for expanding this equation. The first form is

Ap 0 Py =Py Y1) _ Py =P by
0 A \=F Pr Yo —Py Py by

for \, =0and A\_ #0, A, #0and A\_ =0or A\, = A_ = 0. Then, in the first case,

P by = Py, and P{ (A _y, —by) = Py (A_y; —by)
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in the second case
Pyby = Pyby, and Py (A y; —by) = P (A, yp —by)

in the third case, we have Py by — P{"b; = P by — Py b; = 0 which is a condition for existence.

The second form is

0 1\ (P P\ (w) (B P\ (%
0 0)\-Ps Pr)\w) \-P5 Pr)\b
which is equivalent to

Pfby = Py, and Py (y; — by) = Py (y, — by)

In all other cases, fixed points will not exist. O

Next we derive the general solution for the case in which there is a steady state

Proposition 7. Consider the planar ode (El!), and assume that an equilibrium pointy € Y exists.

Then, the unique solution is

y(t)=y+Pet P 1(h—y) (3.34)
where h € Y is an arbitrary element of the range of y.

Proof. Assume that a fixed point ¥ exists. Let y(t) —y = Pw(t). Then w (t) = P~ (y(t) —¥) and
w=Ply=P!(Ay+B)=P 'A((Pw+y)+B)=Aw+AP 'Ay + P 'B=Aw—P 'B+
P~!B = Aw for any matrix A. Then, we get equivalently w = Aw, which has solution w(t) = e 'k,
where k is a vector of arbitrary constants. Therefore, the solution for y is y(t) = ¥ + Pw(t) =

y+Pet P '(h—¥y) where his a vector of arbitrary constants, in the units of y. O
The solution () can be written as

y(t)=y+Pe’k

k. ~ det (P) —Py; Py hy — 7, '

Then, recalling what we have learned from solving equation (?7?), it can take one of the following

where

three forms
1. if A = A4, the general solution is
y(t) =5 + ki e?'Pl + ketP?

or, equivalently
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2. if A = A,, the general solution is
y(t) =5 + e (Pl (ky + kot) + ko P?)

or, equivalently

n®\ _ (7, P P
(i) = () e (s () o ()

3. if A = A5, the general solution is
y(t) = y+e* ((ky cos Bt + kysin Bt)PL + (ky cos Bt — ky sin 5t)P?) =

= Y+ e (ky(cos BtP! — sin tP?) + ky(sin StP! + cos ftP?)).

or, equivalently,
yp () 7 e Py cos Bt — Py sin Bt Lk Py sin Bt + Py cos Bt
= e .
Yo (t) Uy ! Py cos Bt — Py sin Bt 2 Py sin Bt + Py cos Bt
Eigenspaces and stability analysis Let A = A;. We can determine again the eigenspaces,

spanned by eigenvectors P! and P2, by making k, = 0 and k; = 0, respectively. Then i

E'={yeY: P (y,—%,) =Py (y —7,)}
and
E={yeY: P (y—7,) =P (y1 —7,)}

We can also partition the state space according to the stability properties of the solutions

belonging to them. We define the stable eigenspace as

& ={h #yeY: limy(th) =y}

we define the unstable eigenspace as
E'"={h#ye€Y: lim y(t,h) =¥}
t——o0
and the center eigenspace as
Ec={heY: y(t,h) =const }

if there is at least one eigenvalue with zero real part.

If all eigenvalues have negative real parts then we have asymptotic stability, and &% =
E'@E? =Y, and £ and &° are empty. If all eigenvalues have positive real parts then we have
instability and &* = &' @ &2 = Y, and &° and &° are empty. If there is one negative and one

positive eigenvalue then we have a saddle point and & = &% and % =Y /&2,

SIf we set ky, = 0 we have hye*'Pl = y,(t) — 7, and hye*'P} = y,(t) —Y,. Thus hye?+! = =——F—L =

yQ(t) - yz

: 2
P . We proceed in an analogous way for £=.
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Changes in the phase diagrams Next we extend the case in Example 2 to show that adding a
vector B only changes the value of the steady state but not its stability properties, as regards the

associated homogeneous case.

Example 3 Consider the ODE, where y € R?, which is slightly modification of equation ()

Uy = —2y; + 5y — 1/5,

(3.35)
Yo = Yy + 2y, — 4/5.

This is a non-homogenous equation of type y = Ay + B, where matrix A is as in example ()
As trace(A) = 0 and det(A) = —9 then the eigenvalues are A € {—3,3}. The steady state is

2/5
y=—-A"'B= /5.
1/5
In this case the general solution is

~(2/5 1\ o, =5\ 4
y(t) = (1/5> + hy (1) e3t + hy ( . ) e 3t (3.36)
h) _por (Fi—on) _1 ky + 5hy —7/5
hy ) ky—1s) 6\ =k +ky+1/5)

Therefore, the eigenspaces are

where

&= {(ylva) Y1 + 5y _7/5 = 0}7 & = {(y17y2) t—yp+yp +1/5= O}

The fixed point is again a saddle point and the stable eigenspace is again &% = &£!

The phase diagram is in figure . If we compare with figure we see that they have the
same shape (i.e, the isoclines and the eigenspaces have the same slopes) with the fixed point shifted
from the origin to the new steady state 3y = (2/5,1/5).

Comparing examples 1, 2, and 3, with phase diagrams in @, and lead to the following

observations:

1. as we already saw, when the equation is homogeneous, i.e., B = 0, but matrix A is not in a

Jordan normal form, the steady state is still in the origin but the isoclines and the eigenspaces

are rotated (compare figures @ and );

2. when the equation is non-homogeneous, i.e., vector B # 0, the steady state is shifted out of

the origin but the isoclines and the eigenspaces are the same as for the similar homogeneous

equation (compare figures and )

Next we present a case in which we have a stable node and show that hump-shaped trajec-

tories can occur for a non-homogeneous ODE.
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Example 4 Consider the ODE, where y € R:

Uy = —2y; +yy +1/5,

(3.37)
Yo :y1_2yz+4/5-

Prove that the solution for the initial value problem, for any y(0) = (y;(0), y5(0)) is

y(t) = ( ) +% <_y1<0) +42(0) _é > <—11> o3t 1 % (y1(0) + y,(0) — 1) (i) ot

The phase diagram is in figure . We see that it is a stable node. In addition, the unstable

and the centre subspaces are empty and the stable subspace is the whole set minus the fixed point
y = (%, %)T In addition observe that the trajectories at t = 0 tend to be parallel to the eigenspace

associated to the negative eigenvalue larger in absolute value &' = {(y;,v5) : y; + yo = 0} and

glw oo

they become asymptoticaly tangent to the eigenspace associated to the negative eigenvalue smaller
in absolute value &2 = {(y;,%5) : y; — ¥ = 0}. This means that are trajectories that cross the

isoclines and which are, therefore, non-monotonous.

Non-monotonous trajectories The previous example displays another difference between ho-
mogeneous and similar non-homogeneous equations (see phase diagram in Figure ) Consider a
planar ODE (homogeneous or not) in which the coefficient matrix A is such that there is a unique
steady state which is a stable nodes (i.e., there are two real eigenvalues with negative and distinct
real parts). Now compare the cases with similar matrices for the case in A is a Jordan form, as in
figure @, and it is not, as in figure ) We observe that in the last case we see that there are
hump-shaped trajectories, that is, trajectories that converge to the steady state after crossing
an isocline, but affecting only one variable which.

This also allows for a partition of space Y. The isoclines 0, and [, allow for a partition of Y

into for subsets, say

Y ={yeY:y >0, §>0}
Y " ={yeY:y <0, §>0}
Y ={yeY:4 >0, g <0}
Y ={yeY: <0, 4, <0}

As we saw, for stable nodes, the solution path will be asymptotically attracted to the direction
defined by the eigenspace associated to the smaller eigenvalue in absolute value. In our case it is
&, This eigenspace will be contained in the union of two of the subsets defined by the isoclines.
It can be proved that if h does not belong to union of those subsets then one of the variables will
be hump-shaped.

For example, let &' C YT UY . If h e Y "UY" then one of the solution paths will be
hump-shaped, depending which isocline is crossed: if it crosses I, then y; (t) will be hump-shaped
and y,(t) will be monotonous and if it crosses I, then y,(t) will be hump-shaped and y, (¢) will be

monotonous
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Figure 3.15: Saddle: ¢; = —2y; + 5y, — 0.2, 95 = y; + 2y, — 0.8.
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Figure 3.16: A sink or stable node: 7, = —2y; + y, + 0.2, y5 = y; — 2y, + 0.8.
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Summing up, we may have three types of trajectories, independently from the uniqueness and

stability properties of steady states:

1. monotonous trajectories both stable and unstable: if the steady state is a saddle point, or
a node and the coefficient matrix A is in the Jordan form or if it is not the arbitrary constant

does not involve trajectories crossing isoclines;
2. oscillatory trajectories both stable and unstable: when there is a focus

3. hump-shaped trajectories: when there is a node, the coefficient matrix is not in the Jordan

form and trajectories cross isoclines.

3.7 Main result on stability theory

The dynamic behavior of the solution for equation (@) is similar to that of equation (?7), but

relative to a fixed point which is not necessarily coincident with the origin .

Theorem 1. Consider the planar ODE (Ell) Assume that a fized pointy € Y exists if det (A) # 0
or that an infinite number of fized points exist if det (A) = 0. The asymptotic properties of the

solution as a function of the trace and determinant of A are:
1. asymptotic stability if and only if trace(A) < 0 and det (A) > 0;
2. saddle path (or conditional) stability if and only if det (A) < 0;
3. instability if and only if trace(A) > 0 and det (A) > 0;

4. stability but not asymptotic stability if trace(A) =0 and det (A) > 0.

In figure we present a bifurcation diagram where the phase diagrams associated to the

different values of the trace and determinant of A ar epresented

3.8 Problems involving planar ODE’s

As we saw all the solutions involve a vector of arbitrary elements of Y, k or h. This means that
we have existence but not uniqueness for general solutions.

In applications we introduce further information on the system. The type of problem involv-
ing planar ODE’s depends on this additional information. We can define the following types of

problems:

o if we know the initial point y(0) =y, = (¥; 0, ¥2,0) and want to solve the problem forward in

time, we say we have an initial-value problem,;

o if we know the value of at least one variable at a point in time T > 0, y(T) = y, or

Y1(T) =y1.7 , Y2(T) = yy 1, we say we have a boundary-value problem;
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e in economics a common problem is a mixes initial-terminal value problem, where we know the
initial value for one variable and a boundary condition for the asymptotic value of another.

Example: y,(0) = y; o and lim,_, e #*y,(t) = 0, where  is a non-negative constant.

When the initial, boundary or terminal conditions are imposed we say we have particular
solutions. Off course, the issues of existence, uniqueness and characterization still hold.

In economics it has been standard to refer to problems having an unique solution as determi-
nate and to problems having multiple solutions as indeterminate.

3.8.1 [Initial-value problems

Proposition 8. Let y(0) =y, then the solution for the initial-value problem is unique

y(t) =y +PerMP Ly, — )

Proof. The general solution for a planar non-homogeneous equation is
y(t) =y + Pert k.
As et |,_, = I then evaluating the solution at time ¢ = 0, we have
y(0) -y =Pk

then, because P is non-singular
k=P(y(0) - y)

Plugging the initial condition we have a particular value for k

h =P~ (y, - )

3.8.2 Terminal value problems

Proposition 9. Consider the problem defined by planar non-homogeneous equation and the limiting
constraint
limy(t)=yeY.

t—o0

Then:

(1) if ¥ is a stable node or a stable focus then the solution is indeterminate
y(t) =y +Pel k

for anyk =P 1 (h—y with heY;
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(2) if ¥ is an unstable node or an unstable focus then the solution is determinate

y(t) =Yy, forallte T

(3) if ¥ is a saddle-point then the solution is indeterminate

y(t) =¥ + kP21,

Proof. (1) If all the eigenvalues of A have negative real parts then

: At
tl;rgoe = Loxz

which implies lim, ,  y(¢t) = y independently of the value of h. (2) if all the eigenvalues of A

At eAt e oor et become unbounded,

have positive real parts then all the exponential functions e
which means that we can only have lim, ,.. Pe® k = 0 if and only if k = 0. Then as k is uniquely
determined, the solution is unique. (3) If the steady state is a saddle point we know that the

Jacobian form of A is A,, the solution takes the form

y(t) =y + k,PleMt + k,P2eA-t

At = 0. Therefore lim, , . y(t) =¥ if and only if k;, = 0,

. )\ t .
and lim, , e™" = 400 and lim, , e
and the solution is

y(t) =¥+ k,PZe -t

3.8.3 Initial-terminal value problems
Proposition 10. Consider the problem defined by planar non-homogeneous equation in which the
steady state is a saddle point, the limiting constraint

limy(t) =y

t—o0

and the initial value y,(0) = y,o hold. Then the solution exists and is unique

(Y10 — ;)
3

P2 )\j_
P €

y(t)=y+

Proof. We can take the solution of case (3) of the terminal-valure problem and evaluate it at time
t =0 to get
y(0) =¥ + kyP? & kyP? 4+ —y(0) = 0,
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or, expanding and substituting the initial condition

P12 ?1 _yl,O _ 0
(P%) Fa <y2—yz<o>) - (o) '

As we want to solve this system for for y,(0) — ¥, and k, it is convenient to re-arrange it as

(P12 0) ( ko ) _ (3/1,03/1)
P; 1) \F, —1,(0) 0 ‘

1
ko _ P? 0 y1(0) — 7, _
yg - y2<0> P22 1 0
_ 1 (1 0 Yo~ Y1) _
P2\ _p p? 0

_ 1 (Y10 —7;)
) T

In this case the initial value for y,(0) is determined

Then

2
Yo(0) =7, + Fé(yl,o -7,)
i

2

P.
where P—22 is the slope of &2 which is co-incident with the stable eigenspace &°.
1

Sometimes if we assume we know the initial value for variable yy, y5(0) = y, o the difference

2
Yo,0 — <y2 + p722(yl,0 = 91)) is interpreted as the initial ”jump” to the saddle path.
1

3.9 Applications in Economics

Types of variables and types of problems

1. macroeconomics pre rational expectations models: are usually initial-value problems in which

the dynamic system is a for stable node or stable focus;

2. post rational expectations and DGE (dynamic general equilibrium) models: are usually initial-
terminal value problems in which the dynamic system is a saddle point. This structure
allows for the both forward (pre-determined) and backward (non-predetermined or expected)

dynamics and for existence and uniqueness of DGE paths;

3. neo-Keynesian DGE models: are interested in cases in which for initial-terminal value problem

in which the dynamic system can be a stable node or stable focus. This structure allows for
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the both forward (pre-determined) and backward (non-predetermined or expected) dynamics,
for the existence of DGE paths but non necessarily for their uniqueness. If DGE paths are not
unique the dynamics is said to be indeterminate, meaning that self-fulfilling prophecies are
possible, and these are related with the existence of imperfections in the markets (externalities,

incompleteness of contracts, policy rules, etc);

4. growth theory models: are usually initial or initial-terminal value problems in which there
are no positively valued steady states or steady states are a degenerate node (with a zero and
a positive eigenvalue). Two-dimensional endogenous growth models usually feature dynamic
systems with a zero and a positive real eigenvalue which is associated with the existence of a

balanced-growth path.

3.10 Bibliographic references

Mathematical textbooks: Hirsch and Smale (1974), (Hale and Kogak], 1991, ch 8) and Perka ([1996)

Economics textbooks: on dynamical systems applied to economics (Gandolfo (1997), Ty (1994)),
general mathematical economics textbooks with chapters on dynamic systems (Simon and Blume,
1994, ch. 24,25), de la Fuente (2000).
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3.A Appendix

3.A.1 Review of matrix algebra

Consider matrix A of order 2 with real entries

A — (an (112)
Gg1 Qa2
that is A € R?*2. The trace and the determinant of A are, respectively,
trace(A) = aqyq + agy, det (A) = aq1a99 — Aq504;.
The kernel (or null space) of matrix A is a vector v defined as
kern(A) ={ v: Av =0}

The dimension of the kernel gives a measure of the linear independence between the rows of A.

The characteristic polynomial of matrix A is
det (A — \I,) = A2 —trace(A)\ + det (A) (3.38)

where A € C is an eigenvalue, which is complex valued.

The spectrum of A is the set of eigenvalues
o(A)={ A€ C:det(A— )\, =0}

The eigenvalues of any 2 x 2 matrix A are

_ trace(A)

trace(A)
AL = 5 = 2

-2

Nl

+A(A)z, A —A(A)2 (3.39)

where the discriminant is

A(A) = (mg(A))z _det (A).

A useful result on the relationship between the eigenvalues and the trace and the determinant
of A:

Lemma 8. Let A\ and A_ be the eigenvalues of a 2 x 2 matriz A. Then they are verify:

AL +A = trace(A)
AA_ = det(A).

Three cases can occur:
1. if A(A) > 0 then A, and A_ are real and distinct and A, > A_

2. if A(A) =0 then A\, = A_ = X\ = trace(A)/2 are real and multiple,
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3. if A(A) < 0 then A\, and A_ are complex conjugate A\, = o+ i and A\_ = a — i where

)
tr(;” and 8 = /|A(A)] and i = v/—1.

In the last case, we can write the eigenvalues in polar coordinates as

o =

A, =r(cosf +sinbi), \_ = r(cosf — sin i)

where r = \/a? + 32 and tanf = §/a, or

a=rcosf, 8 =rsinf

Jordan canonical forms Two matrices A and A’ with the equal eigenvalues are called similar.
This allows for classifying matrices according to their eigenvalues.

The Jordan canonical forms for 2 x 2 matrices are

(A O (A1 [« B
ne(y D)onm (3 0) () »

Lemma 9 (Jordan canonical from of matrix A). Consider any 2 x 2 matriz with real entries and
its discriminant A(A). Then

1. If A(A) > 0 then the Jordan canonical form associated to A is A;.
2. If A(A) = 0 then the Jordan canonical form associated to A is A.
3. If A(A) < 0 then the Jordan canonical form associated to A is As.

The Jordan canonical form A5 can also be represented by a diagonal matrix with complex entries

Al — a+ B 0
S0 0 a—pBi)]

In this sense, if A(A) # 0 then matrix A is diagonalizable and it is not diagonalizable if A(A) = 0.
Figure presents the different cases in a (trace(A),det(A)) diagram. It has the following

information:

o Jordan canonical forms are associated to the following areas: A, is outside the parabola; A4

is inside the parabola, and A, is represented by the parabola;

e in the positive orthant the two eigenvalues have positive real parts, in the negative orthant
they have negative real parts and bellow the abcissa there are two real eigenvalues with

opposite signs;

e the abcissa corresponds to the locus of points in which there is at least one zero-valued
eigenvalue, the upper part of the ordinate corresponds to complex eigenvalues with zero real

part, and the origin to the case in which there are two eigenvalues equal to zero.
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A(4)=0

-0.5-

Figure 3.18: Eigenvalues of A in the trace-determinant space:

Eigenvectors of A

Lemma 10. Let A be a 2 x 2 matriz with real entries. Then, there exists a non-singular matrix
P such that
A =PAP!

where A is the Jordan canonical form of A, and matriz P is a 2 X 2 eigenvector matrix associated
to A.

There are two types of eigenvectors:

1. simple eigenvectors if A(A) # 0. In this case the eigenvector is P = (P~, P*) concatenat-
ing the eigenvectors P~ and P associated to the eigenvalues A, and A_, which are obtained

from solving the homogeneous system

where I, is the identity matrix of order 2. Observe that P/ = kern(A — \,L,), i.e, it is the
null space of matrix (A — \;1);

2. generalized eigenvectors if A(A) = 0, that is, when we have multiple eigenvalues A\, =
A_ = ). In this case we determine P = (P!, P?) where P! is a simple eigenvalue and P? is a
generalized eigenvalue. They are obtained in the following way: first, P! solves (A —\I)P! =
0, where I = I,; second, (a) if (A —AI)? # 0 we determine P? from (A —\I)?P? = 0; however,
(b) if (A — AXI)? = 0 then we determine P? from (A — \I)P? = P!.

When A(A) < 0 we can use one of the following two approaches:
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1. either we write the Jordan matrix as a complex-valued matrix

Ao — a+ B 0
S0 o0 a—pi

and compute P7 as a complex-valued vector from

2. or we write the Jordan matrix as a real-valued matrix as in equation () and compute
P as a real-valued matrix by setting P = (u,v) where Q = u + vi is the solution of the

homogeneous system
(A —(a+pi)I,)Q=0

Conclusion: given a matrix A, we can find matrices A and P such that A = PAP~! where P
is invertible. Equivalently A = P~1AP.

Proposition 11. The eigenvector matrices associated to the Jordan canonical forms are:

1 0 1 1 1 1
0 1 01 -1 1
for A=Ay, A=A, and A = A5, respectively

Proof. For A = A, because (A} — A\, I)P~ =0 and (A; —A_I)P" =0 are

6066 0 960

then we get P = (P~P*) =1, because A, # A_. For A = A, we determine the simple eigenvector
from (Ay — AI)P~ = 0. To determine the second eigenvector as (A_ — AI)? = 0, because

& _M)2:<0 1)2:<0 0)
- 00 00)’
then we use (A, — A\I)P2 = P,
0 1) (P \ (O 0 1\ (P"\ (P
0o 0/\p) \oJ \oo)\py) \pPy)’

to get P! = (1,0) and P? = (1,1).

For A = A; consider eigenvalue A, = o + (i and assume that there is a complex vector

” Uy —1—7}11‘
Ug + Vgl
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that solves (A3 — (a + Bi)I)z = 0, that is i

{6(u2+v1+<v2_u1)i> =0
B ((vg —uq) — (ug +vy)i) =0

then we should have w; = vy, and u, = —v;. We can arbitrarily set v; = 1 and v; = 1, in

P! = (uy,uy)" and P, = (vy,v5)", to get the third eigenvector matrix. O

Eigenspaces As matrix P is non singular it forms a basis for vector space A. Then vector space

A can be seen as a direct sum A = &' @ €2 where

&Y = {eigenspace associated with \_ }

&% = | eigenspace associated with A_}.

3.A.2 DPolar coordinates

When the eigenvalues are complex (or the model is non-linear) sometimes we can simplify the
solution and get a better geometrical intuition of it, if we transform the ODE from cartesian

coordinates (y;,y5) € R into polar coordinates (r,#) by using the transformation:

y1(t) = r(t) cos(6(1)), yo(t) = r(t) sin(6(1)).

where 7 measures the distance from a reference point (the radius) and 6 the angular coordinate.
The following relationships hold 7? = yf + y3, because cos(6)? + sin(f)? = 1 and tan(d) =

sin(f)/ cos(0) = y,/y;. If we take time derivatives of this two relationships we find

Y - Y191 + Y2 Uo
r

0 — Y1Y2 —2 Ya2Yp
r

Exercise: provide a proof (hint d(tan(6(t))/dt = (1 + tan(6)2)0 = (1 + (yo/y,)?)0 .
In order to apply this transformation, consider the ODE

U1 = ayy + By,
Uy = —By; + ays

The ODE in polar coordinates becomes

"We use the rules for sums and multiplications of complex numbers: if z; = a; + b;4 and x5, = a, + byi, then
x, +xy = (a, +ay)+ (by +by)i and z, 7, = (a;ay — by by) + (a, by + ayb, )i because i2 = —1.
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which has the general solution
r(t) =rye
If @ < 0 the radius converges to zero (meaning that the the dynamics is stable) and if § > 0 the
movement is clockwise.
3.A.3 Second order equations

Consider a general second order equation.

y—ay+agy =0

If we define y; = y and y, = ¢ = 9, then, we can transform the equation into the system

Y1 = Yo,
Yo = agyy + a1Ys.
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