Advanced Mathematical Economics

Paulo B. Brito
PhD in Economics: 2021-2022
ISEG
Universidade de Lisboa
pbrito@iseg.ulisboa.pt

Lecture 7
24.11.2021
(revised 15.12.2021)



Contents

|12 Introduction to stochastic differential equations and stochastic calculus{ 3
12.1 Introduction. . . . . . . . . . .. e 3
[12.2 The Wiener processl .................................... )

12.2.1 Stochastic processes: a brief descriptiod ..................... 5
12.2.2 Wiener process: deﬁnitiod ............................. 6
|12.3 The It0’S Processes . . . . . o v v v v i e e e 11
12.3.1 The It6’s integral and stochastic calculusl .................... 12
12.3.2 It6’s formula for a multi-dimensional processl .................. 14
|12.4 Characterizing [t0’s processed . . . . . . . . . . . Lo 15
12.4.1 Functions of the diffusiod ............................. 15
12.4.2 Dynamics of the density: the Kolmogorov forward equatiod .......... 16
12.4.3 Moment equationsl ................................. 20
|12.5 Backward distributions . . . . . . ... L oo 22
12.5.1 Generator of a diffusiod .............................. 22
12.5.2 Kolmogorov backward equatiod .......................... 23
12.5.3 The Feynman-Kac formulal ............................ 24
|12.6 Referencesl .......................................... 25

h3 Linear scalar stochastic differential equationé 27
13.1 Introduction . . . . . . . . . L 27
13.2 Autonomous equationsl ................................... 28

13.2.1 Brownian motiod .................................. 28
13.2.2 Geometric Brownian motiod ............................ 30
13.2.3 Ornstein-Uhlenback processesl ........................... 32
13.2.4 The linear autonomous SDE . . . . ... .. .. .. ... .. ......... 35
13.2.5 Stochastic dynamic properties of the linear autonomous SDEj ......... 37
13.3 The general linear SDE: the non-autonomous case{ ................... 38
13.4 Economic applications . . . . . . . . . . . .. 38
13.4.1 The Solow stochastic growth modei ........................ 38
13.4.2 Derivation of the Black and Scholes (1973) equation . . . . . .. .. ..... 40
|13.5 Referencesl .......................................... 42




Paulo Brito Advanced Mathematical Economics 2021/2022 2

|14 Stochastic optimal controi 43
14.1 Introduction . . . . . . . . . . L 43
14.2 Stochastic dynamic programminé ............................. 43

14.2.1 Finite horizon . . . . . . . . . . . . . . e 43
14.2.2 Tnfinite horizon . . . . o o oo 45
14.2.3 Economic applications using stochastic dynamic programmingj ........ 45
|14.3 The stochastic PMP| . . . . . . . . . . 50
14.3.1 Volatility function independent of the control Variablel ............. 51
14.3.2 Volatility dependent on the control variablg . . . . . . .. ... ... ... .. 51
14.3.3 Economic applications using stochastic maximum principlel .......... 52

|14.4 References{ .......................................... 56




Chapter 12

Introduction to stochastic differential

equations and stochastic calculus

12.1 Introduction

If we consider again the ordinary differential equation

y=[fly(t) (12.1)

we can extend it by introducing a random perturbation,
Y = f(Y(t)) + €(t) (12.2)

and call f(Y(t)) the deterministic component (or skeleton) and €(t) is a random perturbation.

However, "noise” can be introduced in a more general form
Y = f(Y(t),e(t)). (12.3)

While the solution of () is a mapping y : R, — R”, in the case of equations () or
(), the solution is a mapping Y : R, x Q@ — R™ where (2, P) is a probability space. We denote
Y (t) = y(t) = y, the realization of process Y (t) at time ¢ > 0.

In the previous parts, we studied the behaviour of the solution for the deterministic ODE. We
saw that if function f(.) is continuous and differentiable a solution y(¢) exists, it is unique, and it
is a continuous and differentiable function of time. In addition we characterized the solution as
regards the existence of steady states, their stability properties and their bifurcation behavior.

The solution of a stochastic differential equation can be seen as a (very large) family of solutions
associated to their deterministic component. This is why we use Y (¢) instead of y(¢). Indeed if
we fix "noise” as €(t) = ¢, it becomes a deterministic ODE. In this sense, some of the properties
associated to the deterministic part f(.), like continuity, differentiable, stability and bifurcation
behavior should be checked and analysed. However, the introduction of noise implies that solutions

of a stochastic differential equation may need some reinterpretation and some new features of the
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solutions emerge: they may not be differentiable, they do not converge to a deterministic steady
state and even if the deterministic component has a fixed point, the solution may not be stable.
Simplifying, we can view stability for perturbed systems as stability in a distributional sense.
We are unaware of a general bifurcation theory for stochastic differential equations. However, we
can look at the solutions by trying classify the effects of the perturbation as regards their comparison

with a related deterministic model:

high noise may generate large deviations (from the deterministic solution)

high noise may generate small deviations

low noise can generate small deviations

low noise can generate high deviations

There are several ways to introduce randomness in dynamic models. In continuous time models

applied to economics and finance there are two main ways to introduce a stochastic componentﬂ:

e to model rare events with a local high impact uncertainty is introduced via a Poisson pro-

cess, (Q(t) )

! dY (t) = f(Y(t),t)dt + v(Y (t—,t7)dQ(t) (12.4)
where Y(t7) = limy, Y(s) and dQ(¢) = 1 with probability Adt and dQ(t) = 0 with

probability (1 — \)dt, f(.) and v(.) are continuous and differentiable known functions.

o to model frequent events having a local small impact uncertainty is introduced via a Wiener
process (W(t)),er is a Wiener process. The most common model is called diffusion
equation

dY (t) = f(Y(t),t)dt + o (Y (t),t)dW (t) (12.5)

where f(.) and o(.) are continuous and differentiable known functions.

The main reason for using the previous formalism is related to the fact that Y (¢) in both cases
is not differentiable in the classic sense, and specific stochastic calculus rules have to be developed
before solving those equations.

Therefore, in general, the term stochastic differential equation with jumps (SDEJ) is
reserved to equations of the form () in the differential form or to in the integral form

Y(t) :Y<0>+/0 f(Y(s),s)ds—l—/O v(Y(s7,s7) dQ(s)

where the first integral in the right-hand-side is a Riemmann integral, but the second is a Poisson

integral. In order to solve and/or characterise SDEJ we have to introduce the properties of the

IFor a clear discussion see Mertor| (1982).
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Poisson process and of the Poisson integral. Likewise, the term stochastic differential equation

(SDE) is reserved to equations as () in the differential form or in the integral form

Y(t) =Y(0) +/O f(Y(s),s)ds+/0 o(Y(s),s)dW (s)

where the first integral in the right-hand-side is a Riemmann integral, but the second is a It6
integral. In order to solve and/or characterise SDE we have to introduce the properties of the
Wiener process and of the [t6’s integral.

However, there are SDE which have both jump and diffusion components
dY (t) = f(Y(t),t)dt +v(Y(t,t7)dQ(t) + o(Y(t),t)dW(t)

The most common approach to SDE’s view "noise” as generated by a Wiener process and builds
upon the Ito process. In the rest of this lecture we will restrain to It6’s SDE’s. From this we present
the basic linear SDE, the diffusion equation, and study its statistical and stability properties. We
present a very brief introduction to the Itd’s stochastic calculus applied to stochastic differential
equation of type (), following an applied and heuristic approach. In particular, we emphasise
the connections with ordinary and partial differential equations.

In section m we define and describe the properties of the Wiener process. In section
we define and present the properties of the Itd’s process and integral. In section we present

methods for characterizing diffusion processes.

12.2 The Wiener process

12.2.1 Stochastic processes: a brief description

A uni-dimensional stochastic process can be seen as a flow of random variables (X (t,w)) ,
teT
where X (t,w) : T x Q — R, where (Q,7,P,[F) is a filtered probability space. A filtered probability

space is defined by the sample space €, by the set of events F (i.e., the set of all subsets of 2, a
probability measure over events and the filtration | = (5” (t))

In non-rigorous terms, we can interpret a filtration as tﬁ%Tway in which the flow informa-
tion allows for determining a probability distribution for events taking place over time. A non-
anticipating process is a process in which the probability associated to a particular event is
determined from past events, meaning that we can only ascertain the probability of a future event
on the base of past information. An anticipating process is a process in which we condition the
probability of present events on the occurrence of future events. A stochastic process is adapted
to a filtration if it has a probability distribution associated to a particular filtration, that is,
depending on the flow of information implicit in the filtration.

In the rest of the lecture we represent a stochastic process by <X(t)>t€T, where X(¢) : T — R

represents the possible realizations of the process at time ¢, that is before nature (or a pseudo

random number generator of a computer) makes a draw at time ¢. The realization of a stochastic
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process at time t, X(¢) = x(t) is a particular number which can be observed after nature (or
the computer) makes a draw. Therefore, we consider non-anticipating processes, or processes

adapted to a non-anticipating filtration.

12.2.2 Wiener process: definition

There are several ways of characterising the Wiener process also called standard Brownian
motion. As we mentioned in the last subsection, a stochastic process can be defined by the way

information on the flow of events and the associated probability distribution.

Definition 1. A Wiener process, denoted by (W (t)),>q, is a stochastic process, where W :
Q xT — R has the following properties:

1. the initial value is equal to O with probability one: P[W(0) = 0] =1 (also written as

2. it has a continuous version: i.e., a randomly generated path is a continuous function of time
with probability one (i.e., there can be discontinuous jumps, but they have probability zero of

occurring);

3. the path increments are independent and are Gaussian with zero mean and variance equal to

the temporal increment

AW (t) = W(t + dt) — W(t) ~ N(0,dt), >0

The last property implies that the Wiener process is a Markovian, or memory-less, process.

A propagator can be defined as
P (w' |w) = P[W(t + dt) = w'|W(t) = w] ,

that is the conditional probability of the process (W (t)) having the realization w’ at time ¢ + dt,
given that it had the realization w at time t.
If we write w’ = w + dw then the propagator of a Wiener process is
1 (dw)?
2mdt

There are several ways of charaterizing stochastic processes. Next we characterize the Wiener

[Pdt(w/ |w) =

process by its sample path and statistic (or stochastic) properties.

Figure depicts a sample path (upper diagram) and 100 draws of the process which allows
for an illustration of its stochastic properties. In the upper diagram we see that every sample path is
strongly jagged: although it looks like being continuous, it is not smooth enough to be differentiable.
In the lower diagram we see that the distribution seems to change with time although it tends to
be located most of the time close to W = 0.

Next we will make a heuristic confirmation of those perceptions.
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Figure 12.1: Sample paths for the Wiener process
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Sample path properties

Proposition 1. The Wiener process is not first-order-differentiable.

Proof. (Heuristic) Let

dw(t) | |W(t+dt)—W(t)
dt | dt
for a given 0 < t < oo and dt > 0.

Then

E Hdvdvt“) H = E[W(+ di) — WD)

Writing W (t + dt) — W (t) = X, and taking into account the definition of the Wiener process,
2 2

x
V2dt [T x| “odt dz

2] eifdtd:ﬂ =

1 e &
o V2mdt VT V2dt V2dt
(setting y = x/V2dt, and asdt > 0)

Vadt [ 2
= T lyle " dy

oo
(because / |y e ¥" dy = 1 see the Appendix on the Gaussian integral)
—0o0

e
e[| )= a0 = Vo=l

meaning that as limg_,, £ [ dvgt(t) H = 00 which means

oo

EllX]] =

Then

1/2

The time derivative is of order dt~
that the sample path of (W(t)) is not first-order differentiable in time. O

Therefore, although we can write the process in the integral form

W(t) = W(0) + /0 LW = /0 L)

from the fundamental theorem of calculus, but the derivative

AW (t)
dt

is not well defined.
This is the reason why we need a particular calculus to deal with functions of Wiener processes,

as we will see next.
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Statistic properties

Looking again to Figure we can characterize the statistic properties of the Wiener process.

Those properties can be derived from the definition of the Wiener process
Proposition 2. Assume that the time variation is positive dt > 0.
1 The Wiener process is stationary in expected value terms

E[dW (t)] =0, for each t € T

2 the mathematical expectation of the square variation of the Wiener process is equal to the

time increment

E[(dW (t))?] = dt, for each t € T

3 the variance of the variation is equal to the time increment

V[dW (t)] = E[ dW (t)?] —E[ dW (t)]? = dt, for each t € T.

Proof. Let dW(t) = dW, where dW can be seen as a random variable with a N(0,dt) density
distribution, and dt > 0. Then: (1) the expected value is

[‘Lu

2dt dw

w
o V 27Td
changmg variables w = V2dtr = dw = V2dt dx)

/2d
/ re dr =0

from the properties of the Gaussian integral (see the Appendix); (2) the quadratic variation
(dW (t))? = (dW)? has the expected value

Efawy) = [ L du =

(using the same change in variables)
= 2di 22e " dy =

ﬁ —0o0 ;
(using again the properties of the Gaussian integral)
_2dt T

N
=dt

(3) as the he variance of a change V [dW (t)] = E[dW (¢)?] — E [dW (t)]> and E [dW (t)] = 0 then
VAW ()] = E[dW(t)?] = dt. 0
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Corollary 1. Assume that the time variation is positive dt > 0.

1 The expected value for a Wiener process is equal to zero

E[W(t)] =0, for each t € T

2 the mathematical expectation of the square variation of the Wiener process is equal to the
time itncrement
E[(W(t)?] =t, for each t €T

3 the variance of the variation is equal to the time increment

VW (t)] =t, for each t €T

4 Let s =dt +t. Then the covariance of the Wiener process is

Cov[W(s),W(t)] = s, forany s>t eT

&5 The correlation coefficient is

CorrW (s), W(t)] = \/f, forany s >teT.

Proof. (1) As W(t) = [ dW(t) then E[W(t)] = [E[ I dW(t)} = [/ E[dW(s)] =0, for ant
teT; (2) W(t)2= [ dW(t)? then E[W(1)?] = [E[ I dW(t)Q] = [/ E[dW(s)?] = [ ds=t, for
ant t € T; (4) for the covariance
Cov[W (s), W (¢)] = Cov(W(s), W(s) — (W(s) — W(t))) =
= Cov(W (s), W (s)) — Cov(W (s), W(s) —W(t))) =
= V(W (s)) — Cov(W(s),dW () = s
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12.3 The It6’s processes

In the definition of the stochastic differential equation, in its integral form, we had the expression
(Itd (1951)))

t
/ o(Y(s))dW (s)
0
which, from the non-differentiability properties of the Wiener process needs to be addressed.

Definition 2. Let f(t) be a bounded function of time. We call Ité’s integral to

I(t) = /0 F(s)dW (s).

This definition can be extended to functions of type f(¢,w),where w is adapted to the Wiener
process, that is w is a function of W (s) with s < ¢ (Le, past realizations of (W (t))). If the function

is bounded in the sense [E] fot f(t)2dt] < oo, a more general definition of an It6 integral is

I(tw) = /O F(s,w)dW (5)

where w is the outcome of a non-anticipating Wiener process, i.e, w = W(s) for s < t.

The Itd’s integral generates an Itd’s process (I(s,.)):_,.

Properties of the It6’s integral

e The integral of a sum is equal to the sum of the integrals

/0t<f1<>+f2 /fl AW (s /f()dW(8>

e The It6 integral is additive as regards the time integrand

/de /de /de

for0<t<T.

Statistic properties of the Itd’s integral

o The It0’s integral is stationary in expected value terms, because

t_[E/de /f E[dW (s)] =0

e The variance of the It0’s integral is

(see the proof next).
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12.3.1 The Itdo’s integral and stochastic calculus
We caw write the 1t6’s integral in the differential form as
dI(t) = f(HAW (2)

where dW (t) is a variation of the Wiener process. Even though f(.) is differentialble we readily
see that I(t) is not first-order differentiable. However, there is differentiability in a second-order

sense.

I1t6’s formula for a one-dimensional process

Lemma 1 (Itd’s formula).  Assume that X (t) is an Ité’s integral and assume that f(x) : R — R
is a C? function. Then the integral Y (t)

Y(t) = g(t, X(1))

satisfies, in its differential form, the It6’s formula

AV () = gyt X(0)dt + g, (1, X)X (D) + L., (6, X(0) (@dX (1)) (120
where
alt,0) = P20 g (t,0) = 200 i g, (1) = TALD.

In its application the following It6’s rules are used
(dt)? = dtdW (t) =0, (dW(t))? = dt.

Proof. Itg (1951) O

Examples

o Let dX(t) =dW(t) and Y(t) = g(t, X (t)) then

AV () = (9106, X(0) + 50,06, X(0))) it + g, (1, X(0)aTW (1)

o Let dX(t) = f(t)dW (t), then Y (t) = g(t, X(t)) satisfies

A (1) = (000t X(0) + 5000 (1, X () F2(0)) it + 0, (1, X (1)) £(0) IV (1),

We can use the previous formulas for proving that

E[I(t)?] = / £(s)? ds
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where f(.) is deterministic. and (7(¢)) is an Ito integral.
First, let dI(t) = f(t)dW (t) and determine I(t)?: applying the Itos formula yields

d(I(t)?)=21(t)dI(t)+ ; (dI(t))?

— 2 f(£) AW (t) + (f(£) AW (1))*
= f(t)?dt + 2 f(t) dW(t)

Second, integrating
I(t)?2 =1(0)? —i—/o dI(s)? :/0 dI(s)? :/0 f(s)?ds+2 /0 f(s)dW(s)
Therefore E[I(t)?] = [ f(s)?ds because [E[ I f(s) dW(s)} ~0.

Examples Let dX(t) = dW (t) and Y (t) = g(X(¢)). We can determine dY (t) for several partic-

ular cases:
o for a linear function: g(x) =az +0, as g,(z) =0, ¢,(x) = a and g,,(x) =0, then

dY (t) = adX(t) = adW (t)

o for a power function: g(z) = 2% for a # 0, as g,(x) = 0, g,(v) = ax* ! and g,,(z) =
a(a—1)z% 2 then

dY (t) = “<a2_ Y X ()e2dt + ax (t)ot aw (@)

- a(“2 D Y(t)e dt+aY(t)s dW(t)

— Y (1) (“ 5 Lat+ v dW(t))

o for an exponential function: g(z) = e*®, for A # 0, as g,(z) = 0, g,(z) = X e*® and g,,(z) =
A2 e M then

dY (t) = );Y(t) dt + \Y () dW (¢)

o for a logarithmic function: g(x) = In (z), then

4y (1) = —2X1<t)2 dt + Xl(t) AW (#)

= %e_w(”dt +e YO aw (t)
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12.3.2 1Itd’s formula for a multi-dimensional process

The formula can be extended to a multi-dimensional function,

where

satisfies the variation, in its differential form,
1
dY () = f(X(1), t)dt + V, f(X(1), 1) "dX(8) + 5(X(2) " Voo f(X(2), )X (1),

where V f(-,x) is the Jacobian and V,, f(-,x) is the Hessian on function f(-,x),

o, (X(2),1) Joyo, X(@)s8) oo fr o (X(D), 1)
V. [(X(t),1) = : s Ve [(X(1),8) = : :
fa, (X(1), 1) o, X(8):8) oo [y (X(2), 1)
If there are n independent Wiener processes W (t) = (W, (t),..., W, (t)) we use the rule

n

nTn

dW,(t)dt = dW,(t)dW,(t) = 0,for any,i # j,and dW,(t)dW,(t) = dt, for any i.

Example 1: product rule Let Y (¢) = f(X, (), X5(¢)) = X;(t)X5(¢t). Then
dY (t) = X, (t)dX,(t) + Xy (t)d X, (t) + dX,(t)dXy(t), for each t €T
that is equivalent to
dyY(t) _ dX,(t) N dX,(t) n dX,(t) dX,(t)
Ye) X))  X(t)  Xi(t) X(t)

where the presence of the last term distinguishes the 1t6’s stochastic calculus from product rule of

, foreach t €T,

elementary calculus.

To prove this, apply the It rule observing that we have the following derivatives of f(z, ) i}

0 1
vzf<l‘1,$2) = (iQ) ) vmm f($1,$2> = (1 0) .
1

dY (t) = (X,(t) X, (t)) (Ziig) +%(dX1(t) dX,(t)) (? é) (Zég)

Then

= X, (X, (1) + Xa (X, () + 5 (dXo(t) dX, (1)) (Z§ 1 EZD

= dY (t) = X, (1)dX,(t) + Xy (£)dX, () + dX, (£)d X, (t).

2We write the function as f(z,, ) and not f(X,, X,) because this function is the same independently from
the realizations of the two stochastic processes. That is, it is state-independent. This would not be the case if the

function is state dependent, as f(X;, X,,w) in which w is a function of past values of the Wiener process (W (t)).
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Example 2: quocient rule Let Y (t) = f(X,(t), X5(t)) = X, (t)/X5(t). Then

dY () dX,(t) dXo(t) dXo(t) (dX,(t) dXu(t)
Y(t) X)) X)) Xt <

— , for each t €T,
Xy(t)  Xo(t) )

where, again, the presence of the last term distinguishes the Itd’s stochastic calculus from the
quotient rule of elementary calculus.

Exercise: prove this.

12.4 Characterizing It6’s processes

Let us consider the stochastic differential equation in the It6 interpretation, which is also called

diffusion equation,
dX(t) = p(X(t))dt + o(X(t))dW(t), for each t € [0,00) (12.7)

where the solution (X()),cr is called a diffusion process. Next we deal with one-dimensional
diffusions, X : Q x T — R.
There are several results that allow to characterise the properties of the diffusion process. In

the next chapter we will apply them to the solutions of linear SDE’s.

12.4.1 Functions of the diffusion

Before determining the statistics for the process (X (t)) it is useful to apply the Itd’s formula
teT
to a function of the diffusion.

Proposition 3. Consider the process (Y (t)),ct such that

where X (t) is a diffusion process given by equation (?7), and f(-) is a point-wise mapping
f(x) : R — R which is at least C*(R), and it is invertible, such that x = f~(y) = g(y), where g(-)

is continuous. Then Y (t) is also a diffusion process such that
dY (t) = p, (Y (t))dt + o,(Y(t))dW(t). (12.8)

where
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Proof. To prove this we use the 1t6’s formula to find dY (¢) = d(f(X(t)),

dy(t) = f.(X()dX(t)+ %fm(X(15>)8(dX(t))2
= [(X @) (u(X(1))dt + o(X(2))dW (1)) + %ﬁm(X(t))(ff(X(t>))2 dt =

= (LXDAXO) + Lo (X)) dt+ X O (X ()W ()

If the function f(.) is invertible then we substitute, for every realization, x = f~!(y) = g(y) into

the last equation. ]

We can use the It6’s rule to get several properties related to the diffusion equation. In particular,
we can characterise statistics for the sample path (or moment) and distribution properties.
12.4.2 Dynamics of the density: the Kolmogorov forward equation

Consider again the diffusion process specified in equation ()

We write unconditional probability as
p(t,x) = PIX(t) = 2| X(0) = 2],

This is the probability, determined with the information at time ¢ = 0, that the realization of the
process at time ¢t > 0 will be equal to = (a scalar), that is X(¢) = =, when we observe that at time
t = 0 it is equal to x,. We can see the initial state as a Dirac-delta distribution p(0,z) = §(z —z).

We introduce the following assumption: the support of x is the whole set of real numbers R, it

satisfies lim,_,, . p(t,2z) = 0, and a normalization condition holds
o0
/ p(t,x)dx = 1, for everyt > 0.
—o0
Then the mean value of the process is the function of time
0
E[X(t)] = / xp(t,x)dx, for everyt € R,.
—0o0

definition [adjoint operator] Let X(¢) = x be the realization of the diffusion process ()
at time ¢t > 0 and let p(¢, z) be its unconditional probability. Then the following operator

I(u(z)p(t, x)) n 19%(a(2)*p(t, x))
or 2 0x?

G lpl(t, ) = —

is called adjoint operator.

The following (forward) partial differential equation

op(t,x) _ _O(u(@)p(t,2))  10%(o(x)*p(t,2))

ot - ox 2 o0x?

(12.9)

is called Kolmogorov-Fokker-Planck equation.
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Proposition 4 (Forward density dynamics).
Assume the initial state is xy at t = 0, that is X(0) = x,. Then the density distribution of X (t) at
time t > 0, when X (t) is the solution to the problem

{ p,(t, ) = G*[pl(t,x) for t >0 (12.10)

p(0,x) =d(x —xy) for t=0
where G*[(.) is the adjoint operator, together with the initial condition ).

Proof. (Heuristic) We introduce a test function. Let t € T = [0,T] and 2 € X = (—o0,00) and
consider an arbitrary stationary and bounded function f(¢, z) such that f(0, X(0)) = f(T, X(T")) =
0, for X(0) = z, and any realization of X(T'), and lim,_,  f(¢t,x) = 0.

Therefore,
£t X(8)) = £(0,20) + / af(s, X(5)) = / af (s, X(5)),
and we expect .
elr, x@) =€ [ anexa)] =o

Using the It6’s Lemma we find, for any realization of the process

A7(t2) = [ D, (t,2) + ()0, (t,0) + 502 @), f(t,0)] b+ (o2)0, f10,)) AW (1).

The variation of f fromt=0tot =T is

/OTdf<t,:c> =/0

Taking the unconditional expected value

T

[ 807t 2) + ()0, f(1,2) + 50%()0,, £ (8, 2)] di+ /0 " (@, 5t aw o)

4] / Tdf(ﬂ] =[E[ / T[atf<t,x>+u<x>axf<t,m>+;a%)amf(t,x)] dt] +

+E [ /0 ' (o), (t,2)) dW(t)]

r 1
=[ O, f(t,x) + O, f(t,x) + =02 (2)d,, f(t,z)| dt| =
[ [ Lo+ p@0,10.2) + 52 @)0,. 50,2 ]
(because the second integral is an It6 integral)
o] T
= [ [ [2st0) + n@0.(00) + 50 @00, f0.2)] plt.n)drs
—00 0

:II+IZ+IB

Because function f(-) is arbitrary, but with the properties we introduced, we see that the E[d f(¢)]

is equal to the sum of three integrals. Performing repeatedly integration by parts we find

I, = /oop(t,:v) f(t,x) d:c‘jo — /OO /OT op(t,z) f(t,z)dtdx,
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0o 00 T
_/ / O, (u(x)p(t,x)) f(t,x) dt dx
s

T=—00

T
I, = / () plt, ) f(t, ) dt

and
o0

I = /0 [02($)p(t,$)6xf<t,$>—am(g2<l‘)p<t,gj‘)>f<t’$>:| di

N |

oo T M
+% /oo/[) 0y (02 (z)p(t, ) f(t, ) dt dz

With the boundary conditions introduced then
T o] T 1
E [/ df(t)] :/ / { — Oyp(t,x) — 0, () p(t, ) + iam(ﬂ(x)p(t, a:))} f(t,z)dtdz
0 —oo Y0

Therefore, for an arbitrary stationary process [E{ j(;T df (t)] = 0 if equation () holds. O]

If we determine the probability distribution p(¢,z) then we have an alternative method fo find
the moments of the diffusion process. For the case in which the support is R The mathematical

expectation is

and the variance is

A process is called ergodic if the asymptotic probability distribution is time independent
Wl 1
p*(x) = lim p(t,z).

This implies that the moments are asymptotically constants

lim E[X(¢)] :/ zp(t,x)de = p

t—o0

and the variance is

2p(t,x)dx:a§2 >0

lim V[X(t)] = /_Oo (z —E[X(1)])

t—o0

Intuition: small or large perturbations do not have large long run effects on the value of X.
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Example 1 Let dX(t) = odW (t) and let X(0) = z,. In order to find the p(t,x) = P[X(t) =
x| X(0) = z;], we set p(z,0) = P[X(0)] = d(x — x,) is a Dirac delta function with the distribution

mass concentrated at x,. The initial distribution is a probability distribution because

/ d(z —xy) dr = 1.

As we have pu(x) = 0 and o(z) = o the adjoint operator is

B 132(02])(15,:5)) o?

G*[pl(t,z) = 5 922 ?pm(t,a}).

To find the p(t,x) we apply the Fokker-Planck equation and solve the problem with a forward
parabolic PDE and an initial condition:

p(t,x) =% poo(t,x), (tz)€R, xR
p(07x> :5<J)—l‘0), t=0.

We saw in chapter 9 that the solution to this problem is

1 (z—xg)?
p(t,x) = e 2ot , fort >0
oV2mt

Example 2 Let dX(t) = pdt + odW (t) and let X(0) = x,. As we have p(z) = p and o(z) =0

the adjoint operator is
2
o

2
To find the p(t,z) we apply the Fokker-Planck equation and solve the problem with a forward

G [pl(t, 2) = —pp, (8, 2) + —-pae(t, 7).
parabolic PDE and an initial condition:
2

o
pt<t7$) = _#pm(t>$) + ? pmc(t,x), <t,£L’> € [R+ X R

p(07x> = 5($ - xO)v t=0.

We saw in chapter 9 that the solution to this problem is

p(t,x) = / d(s—xgy) g(t,z —s)ds

where )
I et 1)
g t7 Yy) = e 20’2t
(t9) V2mo?t
Therefore )
| e
pt,r) = Noreor 207t : (12.11)
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12.4.3 Moment equations

An alternative method to determine the dynamics of moments, without resorting to the forward
Kolmogorov equation is the following.

Consider the one-dimensional diffusion equation in integral form

X(t) = X(0) + /0 (X (s))ds + /0 (X (s))dW (s). (12.12)

Proposition 5. Consider the diffusion integral form in equation () and assume that X (0) = x,

1s deterministic. Then

e the first moment of the diffusion process is

o the second moment of the diffusion process is

ELX(07) = 0% + | (QELX(s)u(X(6)] + Elo(X(5))?]) ds

e and the variance is

VIX (1) = / (E[X ()X (5))] + Elo(X(s))?]) ds— / E [1(X(s))] ds (%0— / [E[M(X(S>)Jd8>

Proof. As o(X(t)) is a non-anticipating random variable, if we use the properties of the Wiener

process we have

=z,+L [/0 /L(X(S))dS] =

g+ / E [4(X(s))]ds

because of the properties of the expected value operator. In order to determine the second
moment, E[X(¢)?], we introduce the variable Y (t) = X(¢)?. Using the It&’s formula, as

dY (t) = t)dX(t) + (dX(t))?
p(X(t))dt + o (X ()W (1)) + (u(X(t))dt + o (X (1)) dW (t))* =
(X(t)

X(
X(
= (X pX (1)) + o (X (1)) dt + 2X () (X (1)) dW (2)),
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then in the integral form Y'(¢) is

Y(t) = a2 + /0 (2X (s)u(X(s)) + o(X(s))?)ds + /0 2X (s)o (X (s))dW (s)).

o = EuX®)]
d[E[‘;(t(t)ﬂ =2E[X(t)u(X(t))] + [E[O'(X(t)>2]
dv[;’;(t)] = OE[X (D) (X (1))] + E[o(X(£))2] — E[u(X (¢))]?

Example Consider the linear diffusion equation
dX(t) = —yX(t)dt + odW (t)

where X (0) =z, and v > 0 and o > 0.
The first moment satisfies the ODE
dE[X(2)]
dt

= —E[X(2)]
then the expected value of the process follows the deterministic path

E[X(t)] = zge .
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The second moment satisfies

dE[X (t)?
X7 _ —29E[X(t)?] + o?
dt
also satisfies the deterministic path
o? o?
EIX t 2] — 2 2 _ 7 —2vt
[X(2)?] 27+($0 2’Y>e

The variance is

VIX(0)] = E[X(®)?] —E[X®)] =

2 2
o 5y O ot 2
— — e 2 — (z4e

N (xo 27) (zoe™™)

— (1 —e )

2
0.2
2y

In this case we can determine the asymptotic moments:

lim E[X(¢)] = 0

t—o00

0.2

lim V[X(#)] = lim E[X(¢)?]

t—o0 t—o0 o 2/7.

2
o
This means that the process is asymptotically bounded tends to a limit distribution N (0, 2) .

It is an ergodic process.

12.5 Backward distributions

In some problems, particularly in finance applications, we may be interested in determining the
distribution dynamics such that a terminal condition is observed. We continue to assume that a
diffusion process

dX(t) = w(X(t))dt + o(X(t)) dW (t).

First, we introduce the concept of a generator of a diffusion

12.5.1 Generator of a diffusion

Definition: Let f(X(¢)) be a smooth function and let X(¢) = x. The infinitesimal generator
of f(X) is a function G(t,x)[f] ,

G = XX =2 _
o HAX(+ AO)IX () = 2] — f(z)
At—0 At
Eldf(X®)|X(t) = «]

dt
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The generator is defined for every time, ¢, and is conditional on the realization value at time t,
x, that is X(t) = .
The generator of a function f(X) of the diffusion,

AX(t) = p(X(t))dt + o(X()dW (t)

conditional on X (t) = x is the function

1

Gt,2)[f] = fol@)u(z)+50(@) fra(@), £ 20,

We can prove this by just using the It6’s formula.
The generator of a diffusion (over an It6 process), for a differentiable function of a diffusion,
allows us to find a directional derivative of f averaged over the paths generated by the diffusion.

12.5.2 Kolmogorov backward equation

The Kolmogorov backward equation allows for the determination of the probability, at time ¢,
conditional on the observable state of the process X(¢) = x, that the value of the process will
belong to a target set ¢, at time T' > t.

We denote the hitting probability by ¢(t, x)

q(t,x) = PIX(T) € ®p|X(t) = x],
where X () follows a diffusion process.Then it satisfies
q,(t, ) + G(t,2)[g] = 0.

The equation is called Kolmogorov backward equation

a(ts2) = ~G(t,2)ld) = ~a, (1, ) = 50020, (1,

which we want to solve together with with the terminal condition
(@) EX(T)=a € éy
qT,z) =
0 if X(T') & ¢rp.
Using the Feynman-Kac (see next subsection) the probability satisfies

PIX(T) € ®,|X(t) =] =
Elg(T,z(T))|X(t) = 2] =
E[C]

Q(ta :L‘> =
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Example Let dX(t) = cdW (t) and let ¢(T,z) = 2. The distribution for t < T follows the PDE

2
q(t,z) = —% Ger(t,z), 0 <t <T

From the Feynman-Kac formula
q(t, ) = E[X(T)?]

We can find ¢(t, z) by solving the parabolic PDE or by using the Feynman-Kac formula.
Following the second course, we know that the solution of the SDE dX(t) = odW(t) is

T
X(T)=z+ 0/ dW (s) = xa(W(T) —W(t)), for T > t,

because W(T') = W (t) + ftT dW (s). Computing the moments, we have
E[X(T)] = z,E[X(T)?] = oc*(T — t) + 2?
Then
q(t,z) = E[X(T)?] = o*(T — t) + 22.

If we solve the problem, i.e., a well-posed backward parabolic PDE,

q;(t,x) = —%2 O (tyx), 0<t<T
q(t,r) = 22, t=T

we would reach the same solution.

12.5.3 The Feynman-Kac formula

The Feynman-Kac formula allows us to determine the probability distribution, at time 0 <t < T,
conditional on a known terminal distribution, at time 7', for the realization of a diffusion process
(X(t))tejo,r), when there is a discount factor with discount rate f(X(t)).

Let v(t,z) be the probability at time ¢ for a realization X(¢) = x. Assume that the function

v(t, z) is the solution for the partial differential equation boundary value problem

{vt(t,x) = —G(t,x)[v] +o(t, ) f(z), 0<t<T (12.13)

(T, X(T)), T
where v(T', X(T')) is known, f(.) is a known function and

Gt )] = v, (@)le) + o), (2)
is the infinitesimal generator of v(.).
Proposition 6. The solution to the PDE problem () is the Feynman-Kac formula:
o(t,z) = E [ o(T, X(T))e~ kb FXEds| x(4) = o] .

Then v(t, x) is the present value of a terminal value v(T, X (T')) where the discount rate if f(X(t)).



Paulo Brito Advanced Mathematical Economics 2021/2022 25

Proof. Write
V(t, X(t)) = v(t, X (t))H(t)
where H(t) = e ) = e—f: FX(r))dr A

dH(t) = —Z(t)e ?WDd Z(t) + %Z(t)ze_z(t)(dZ(t))z =

— _H(HdZ () + %Z(t)H(t)(dZ(t))z
But because dZ(t) = f(X(t))dt we find, using Itd’s rule ,
dH(t) = —H(t)f(X(t))dt.
Using It6’s formula we obtain

du(t, X(t)) = v, (t, X(¢))dt + v, (t, X(t))dX(t) + %vm

(t, X (1) (dX(t))* =
= (008 X)) 0, (0 X)OXE) + G0 X)X )t + (0,0, X () (X (2)) AW (1) =
= (t, X(2)) f(X(t))dt + v, (¢, X (¢))o(X(2))dW (t)
if we use the PDE in problem () Then, using the product rule, the previous derivations
and It6’s multiplication rules, writing v(t) = v(¢, X(t)) and f(t) = f(X(¢))

dV (t) = H(t)dv(t) + v(t)dH(t) + dv(t)dH (t) =

= H(t) (v(t)f(t)dt + v, (t)o(t)dW (t)) —v(t)H(t) f(t)dt + 0 =

= H(t)v,(t)o(t)dW(t).
Integrating forward from ¢, yields

T T .
V(T)=V(t)+ / dv(s) = V(X(t)) + / e TEXOMTy (5, X (s5))o (X (5))dW ()
the initial value plus an It6’s integral. Therefore, the expected value conditional on X (t) = x is
E[V(D)X(t) =a] =E[V(#)|X(t)=a]

Seeing v(t,x) as an unconditional expected value v(t,z) = E[V(X(¢))| X (t) = x] and using the
expression for V(T') = v(T, X(T))H(T') we have the Feinman-Kac formula. O

12.6 References
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e Dynamic systems theory and SDE’s: ICai and Zhu| (l2017|)

o Numerical analysis of SDE ()

e Application to economics and finance: Malliaris and Brockl (|198j), lDiXit and Pindyckl (|1994|),
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Appendix: The Gaussian integral

The gaussian kernel is a function
glx) =e"
which has the well known bell shape.

A Gaussian integral is an integral of type

/ : h@)g(e)da

if it is finite (Le. L?).

Some properties of the Gaussian integral are:

/ e dx = /T,

/ e " dy = 0,

—o0

/ lzle**da =1,
- 2 fxzd — m

/OO xr7e x \/;

/ e~ dp = \/?
/ re~ @ dy = 0

1 U
—ax?
/ r2e @ dy = ~

a 4a

where |z| = V2

If we introduce a parameter a > 0

Gaussian distribution function

26



Chapter 13

Linear scalar stochastic differential

equations

13.1 Introduction

In this chapter we provide explicit solutions and the statistics for forward scalar linear stochastic
differential equations (SDE), which are the simplest SDE’s.

These equations have the general form
AX (1) = (1g(t) + oy (£) X (8)) dt + (og(t) + 04 (1) X(2) ) AW (2). (13.1)

where X(0) = x, is a known constant, and puy(+), py(+), op(-) and o4 (-) are known functions and
(W(t))te[& is a standard one-dimensional Wiener process, and therefore, a non-anticipating process.
We also

We will present closed-form solutions for several versions this equation, and characterize their
sample path statistical properties and some discussion of its geometrical content.

We can compare those solutions with the analogous (deterministic) ODE

dy(t) = (o + py y(t)) dt
we saw that the solution is

— 12+ W)+ 5) ety ifpug # 0. py #0

My
y(0) e, ifpg=0.py #0
y(t) = _
y(0) + po t, ifpg # 0.y =0
y(0), ifpg = py =0

for every t € T. We saw that: (1) if u; < 0 the solution is asymptotically stable, such that
lim, , o y(t) = —Z—‘;; (2) if pu; > 0 or if p; = 0 and gy # 0 the solution is unstable; (4) the solution

is stationary if uy = uy = 0.

We can compare those results with the sotutions of a linear SDE.

27
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13.2 Autonomous equations

In this section we consider the linear autonomous forward SDE,
AX () = (sg + 11y X(t)) dt + (og + o, X(t)) AW (1). (13.2)

in which the coefficients are known constants. We assume a known initial value X (0) = x,.
Next we present the explicit solutions, and the first and second moments of the solutions. With
a view to comparing with the deterministic ODE, we discuss in the stochastic dynamic properties,

that is, the asymptotic statistic properties of the solutions.

13.2.1 Brownian motion

The Brownian motion is usual name of a process (X (¢),t € R, ) generated by the It6 SDE
dX = pdt+cdW(t), t € R, (13.3)

with X(0) = 2z, € R and o > 0. This is a special case of equation () with p; = o0y = 0 and
Ho = p and oy = 0.

The solution of equation ([13.3), given X (0) = =z, is

X(t)=zg+pt+oW(t), te R

To prove this, writing X (¢) in the integral form
t
X(t) = X(0) +/ dX(s)
0

t t
:x0+/ uds—l—/ adW (s)
0 0

= ¢+ pt+ o (W(t)—W(0))
=¢+put+oWi(t)

because, form the properties of the Wiener process, W (0) = 0.

Figure presents one sample path in panel (a) and 100 sample paths for the case in which
pw=—0.5and o =1.

The probability distribution is given by equation ()

1 7(:1:—.10—;1,75)2
p(t,x) = e 2%t (t,x) e R xR,
oV 2rt

Properties The first and second moments are functions of time
E[X(t)] = / zp(t,x)dr = x5+ pt, t € R,
—0oQ

V[X(t)] = /OO (x —E[X ()] )2p(t,$)dx =o%t, t €R,.
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Figure 13.1: Sample path for the Brownian process for p = —0.5 and o = 1.
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We observe that the process is not ergodic, because

lim E[X(¢)] = lim V[X(¢)] = +00

t—o0 t—o0

if p# 0 and o # 0.
Observe that the solution of the squeleton

dxz(t)
dt

= 1, given x is z(t) = xy + put.

13.2.2 Geometric Brownian motion

The geometric Brownian motion is usual name of a process (X (15))t€[R generated by the It6 SDE
dX(t) =pX(t)dt +o X(t)dW(t), t € R, (13.4)

where X (0) = z, with P[X(0) = x,] = 1. This is a special case of equation () with
o =09 =0and p; = p and o = 0.
The explicit solution is
X(t) = xoe@*%)”"W( ) teR,. (13.5)

To prove this we define Y (¢) = In X (¢). Using It6’s formula

1 1 9
) X<>+(—X(t)2) (dX(1))? =

1
X(t)
dX(t) o _
7“ th

dY (t) =

Then,

[\

= y(0) + (1= Tt +oW(t)

Therefore,
2

In X(t) = Inag + (u— 2) t+ oW (t)

and, because x = e¥, equation () results.
By using the Kolmogorov forward equation (or Fokker-Planck) we find the probability distri-
bution p(t,z) = P[X(¢) = z] given X (0) = z, solves the problem
0 0 1 9°
5Pt %) = —G(t,2)p] = = (nap(t, 2)) + 5 55 (02p(t, 2))
p(0,zg) = d(z — x)
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Next we assume that € R, which means that x; > 0. The solution to this problem is

B (In(x/20) — (u— 50%) ¢ )2
p(t,z) = —0 ¢ 202 for (t,z) € R2. (13.6)

To prove this result, we derive the Fokker-Planck equation and the associated initial condition

2
Oypltw) = T 2 0y, p(t,x) + (202 — 1) 0,p(t,2) + (0% — w)plt,a) ¢ 20

p(0,2) = d(x — x;) t=0

Performing a transformation of variables z = e* mapping x : R, — R, we write u(t, z) = p(¢t, z(2)).
As Opu(t,z) = Op(t,x(2)), d.ult,z) = 0,p(t,x(2))x(2) and O .u(t,2) = 0,,p(t,2(2)) x(2)? +
0,p(t,z(z)) z(z) the Fokker-Planck equation is equivalent to the linear parabolic, with constant
coefficients, parabolic PDE,

o? 3
dyul(t,z) = 5 0,,ul(t,z) + <§02 — ,u) Qu(t,z) + (0 —p)u(t,z), (t,z) eRy xR

u(0,2) = d(z —In (z)) (t,z) e {t =0} xR.

Using the results for the linear parabolic PDE (in the unbounded spatial domain) the solution is

u(t,z) = / d(s—1In(zy)) g(t,z—s)ds =g(t,z—1In(z))

where

0_2

exp{ (- ) _5}'

g(t,§) = 552

2wo?t

Transforming back to the original variable we have p(t,z) = u(¢,In (z) —In (z4)) = g(t,In (z/z,))
as in equation ([L3.6).

The linear diffusion has the moments
E[X(t)] = zgett, t € Ry,

VIX(t)] =adet (et —1), t € [0,00)

Properties In Figure we plot one sample path and several sample paths for the linear
diffusion equation where y < 0 and ¢ > 0 and in Figure for the case in which p > 0. We see
that in the first case the paths converge to lim, , . X(¢) = 0 and in the second case they diverge.

From the moment expressions, we see that:

o if u <0, for any o # 0, then lim, ,  E[X(¢)] = lim, ,, V[X(¢)] =0
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o if >0, for any o # 0, lim,_,  E[X(¢)] = sign(zy)oo and lim, ,  V[X(¢)] = oc.

dx(t)

In the first case, i.e., when p < 0 the steady state of the skelleton prl pux(t), that is
X = x = 0 is an absorbing state, meaning that, although the model is stochastic, all the

trajectories converge to a (measure zero) point.

13.2.3 Ornstein-Uhlenback processes

An Ornstein-Uhlenback, or mean-reverting, process (X(t)) is generated by solution to the

It6 SDE

teR,

dX =0 (u— X)dt + odW(t) (13.7)

where X (0) = z,. This is a special case of equation () with g =0p, py = —0, 0y = o and
01 — 0.

The solution is .

X(t)=p+e? (:UO —pto [ e dW(s)).

S~

To prove this, we introduce the change in variables Y'(t) = X(t) €. It&’s formula yields

dY (t) = 0 X (t) e dt + e dX (1)
0 X (t) e dt + e (0 (u— X(t)) dt +odW(t))
% (Qudt + odW (t)).

Integrating on time we have

¢ ¢
Y(t) =y +¥yo+ 9#/ e%ds + U/ eP5dW (s).
0 0

Transforming back to the original variable, by making X (t) = e %Y (¢) and z, = y,, we obtain
the solution to the It6 SDE ()

t t
X(t) = e (yo + G,u/ e%ds + a/ egde(s))
0 0

t
= xge % + pe 0 (e — 1) + 0/ e 0= dW (s).
0

By using the Kolmogorov forward equation (or Fokker-Planck) we find the probability distribution
p(t,z) = P[X(t) = x] given X(0) = z solves the problem

Oatp(t’ T) = —ai (0 (n— ) p(t, x)) + % ;;2 (Up(tv 55))

p(0,2) = 5(a — )
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Linear diffusion: p <0
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Linear diffusion: x>0
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The solution to this problem is

, (=== e ™)’

p(t,z) = (27r % (1— 6729t)> . 2%2(1 — ¢—20t)

Nl

, (t,x) e Ry xR

Therefore, the conditional expected value and variance, for X (0) = z, are

£ [X(8)] = E[ X(8)|X(0) = @] = p+ (g — p)e™”

and

Ve [ X (0] = V[ X(OIX(0) = 2g] = 25 (1 —e2").

The properties of the sample paths and of the statistics depend on the sign of #. Again, assuming
that o # 0 we have the following cases:

e if 8 > 0 then the process is ergodic

lim E% [ X(¢)] =

t—o0

fm Ve[ X = o

and it is asymptotically Gaussian, because
lim X(0) ~ N (1,2
Jlim X(?) Wog )

o if 6 <0 then lim, , . E% [ X(¢)] = (xq — p) o0 and lim, ,  V*o [ X(t)] = 00

Observe that the skeleton

has the solution
2(t) = p+ (rg —p)e
which is asymptotically stable if 6 > 0.

The sample paths for the case 8 > 0 are illustrated in figure : we see that they converge

in average to X (t) = u, however this value is not an attractor, that is the solution although not
stationary is ergodic.

13.2.4 The linear autonomous SDE

Now consider equation the general linear It6-SDE () with X(0) = z,.
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Orenstein-Uhlenbeck process
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Figure 13.4: Sample paths for Ornstein-Uhlenbeck process for 6 > 0 and p =1
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It can be proved that it has an explicit solution which is

t t
X(1) = (1) (:co = agoy) [ @) ds oy [ o) dW(s)) (13.8)
0 0
where ®(t) is the solution of the geometric Brownian motion
d®(t) = py @(t)dt + oy ®(t)dW (2)

and ©(0) = 1.

Exercise: prove this. Hint conjecture that X (¢) = ®(¢) Y(¢) , where ®(¢) follows the geometric
Brownian motion. Use the Ité formula to derive dX(t). Match with equation () to find the
process dY (t).

The conditional probability p(t, z) = P[X (t) = | X (0) = x] is the solution of the FPK equation

{@p(t, 2) = =0, (1o + i @) p(t2) ) + 3 0,y (00 + 01 2) p(t,2) ), (£,2) € R, xR
p(0,z) =d(x — ), (t,x) € {t =0} xR

It can be proved that the conditional moments are

FIX ()] = =20 + et (g + %’)

251
and
O — Lgoq)? + pyxy) etrt o 01 — 40
V[X(t)]:—QL; 0 — Mo é) + (:U’O /1’12 0) <€“1t(ﬂo+ﬂ1$o)+2 1(”0 1 l;l O))
pi (21 +o07) e My + 07
@(2#1"“7%”

+ (01 + 02) (20, + 02 <2M0<M0 + 0401) + 05 (py + 07) + 2(xg + p10)0001 (201 + 07)+

+ (1 +03) (2 +0?) )

If 1y < 0 then the first moment is asymptotically finite:

: _ Mo
Jim E[X(1)] = 10

However, if y; < 0 is sufficiently large in absolute value, such that u; + o3 < 0, which implies

2, + 03 < 0, and then the process is ergodic because in this case

. 2
lim V[X(t)] = J“; %0 ”1‘7;) > 0.
t—o0 pi (2py +o7)

13.2.5 Stochastic dynamic properties of the linear autonomous SDE

From the perspective of the asymptotic dynamics, the following behaviors can be expected from a
linear It6-SDE
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1. if puy +0? < 0 and py 0g — g0, # 0 the process is ergodic and tends asymptotically to a

2
0y — U0
Gaussian distribution with positive variance N ( _Ho _ (1100 = 101) ), which means that

py’ 3 (2p +03)

the steady state is a distribution

2. if py +0f < 0 and py 0y — py0; = 0 the dynamic tends to absorbing state z = —H0 Which is

H1
a deterministic steady state

3. if py + O'% > 0 the equation tends to an unbounded distribution in which both moments are

asymptotically unbounded.

13.3 The general linear SDE: the non-autonomous case

The general linear SDE has the form
AX = (y(t) + (DX (1)) dt + (o() + =, (1) X)dW (1)

where X (0) = z, with P[X(0) = z,] = 1, has the explicit solution

X(t)=e x 8) Hpg(s) — og(s)oy(s))ds s) toy(s)dW (s
(0 w( +£¢m (10(s) — 5(s)r4(5)) +Z¢w (s) <Q
where ®(t) is the solution of

AD(t) = py (D)D)t + oy (1) D()dW (1)

and ¢(0) =1

13.4 Economic applications

13.4.1 The Solow stochastic growth model

Several papers, starting with Merton (1975) and Bourguignon (1974) (see (Malliaris and Brock,
1982, ch. 3)) study the stochastic Solow model.
Assume that population follows the SDE

dL(t) = pLdt + o LdW (t)
where p is the rate mean rate of growth of population and o its variance.

The equilibrium equation for the product market is

dK (t)
dt

where F(.) has the neoclassical properties (increasing, concave, homogeneous of degree one and
Inada). We define the capitai intensity as usual k = K /L. Then F(K,L) = Lf(k). and

= sF(K,L)

dK = sLf(k)dt
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Solow stochastic model
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Figure 13.5: Sample path for the capital intensity: s = 0.1, « = 0.3, 4 = 0.01, 0 = 0.1
We can write k = k(K /L). Then ki = 1/L, i, = —K/(L?) , kg =0, kg = kg = —1/(L?)
and k;; = 2K /(L3). Then, applying the 1t6’s Lemma
dk = kgdK+rKpdL+ % (kg (dK)? + 2k dKdL + k1 (dL)?)
= sf(k)dt — k(pdt + odW) + % (—sf(k)dt(udt + odW) + 2k(udt + odW)?)
Using (dt)? = dtdW (t) = 0 and (dW (t))? = dt then we get the SDE
dk = (sf(k) — (n— o®)k) dt — kodW (¢) (13.9)
For a Cobb-Douglas function we have
dk = (sk® — (p — 0)k) dt — kadW (1)

where 0 < a < 1. Figures and present one replication and 100 replications for this
equation for a deterministic initial value k(0) = k,

The stationary distribution for the capital intensity is (see Merton (1975) and (Malliaris and

Brock, 1982, p. 146)
k A2
p(k) = 0222 exp (2/ s/ 02(752 o) d§>

where m is chosen such that jéoo p(k)dk = 1. For the Cobb-Douglas case it is

2 —2s
p(k) = mk:*QWU exp <(1—0¢)0’2k(1a) )
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Solow stochastic model
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Figure 13.6: Sample paths for the capital intensity: s = 0.1, = 0.3, p = 0.01, ¢ = 0.1, 100

replications

13.4.2 Derivation of the tBlack and Schole4 (|1973|) equation

Assume that there are two assets, a risk free asset, with value B(t), following the process
dB(t) = rB(t)dt,
and a risky asset, with value S(t), and following the diffusion process
dS(t) = puS(t)dt + o S(t)dW(t).

The current prices of both assets, B(0) and S(0) are observed.

An European call option is a contract offering the option (but not the obligation) to buy, at the
expiration time 7" > 0, the risky asset at a price K. A purchaser would have an interest to exercise
the option only if the price of the risky asset at time T', S(7T), is higher than the exercise price. If
K < S(T) the purchaser would not exercise the option.

Let V(S,t) be the value of the option on the risky asset at time ¢, for 0 < ¢ < T. The value of
the option at time of the exercise T is dependent of S(T") and is

V(S,T) =max{ S(T) — K, 0}.
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However, the contract would only be possible if there is a payment at time ¢t = 0, otherwise the
writer would have no incentive in offering the contract. What would be the price of the option at
the moment of the contract, i.e., at time ¢t =0, V'(S,0) ?

Using the Itd’s formula we obtain the process for the value of the option
1
AV(S,t) = Vi(8,1)dt + V,(S,8)dS + SV, (S,1)(dS)? =

=V, (S, t)dt + V,(S,t) (uS(t)dt + oS(t)dW (t)) + %VSS(S, t)o?S(t)%dt =

_ (v;(s, B + uSHV.(S, 1) + 3025(15)21/88(5, t)) dt + o S(E)V.(S, )dW (L).

The market data also allows us to obtain a valuation, if we assume that there are no arbitrage
opportunities. If the markets are complete, the yields generated by the option can also be
generated by the yields of a portfolio composed by the available assets with the same value. We
call this portfolio the replicating portfolio.

The replicating portfolio is composed of 6 units of the risky asset and (1 — 6) units of the risk

free asset such that
VT(B(t),S(t)) = (1 —6(t))B(t) + 0(t)S(t), for every t € [0,T]
Using the It6’s formula, we have
dV"(B(t),S(t)) = (1 —0)dB+ 6dS =
= (1—0)rB(t)dt + 6S(t) (pdt + cdW(t)) =
=(rV"(B,S)+ (n—r)S(t)) dt + 0o S(t)dW (t).
In the absence of arbitrage opportunities we should have dV(S(t),t) = dV(B(t), S(t).

Matching the diffusion and the dispersion components of the two differentials for the option

and the replicating portfolio values, yields

0o S(t) = aS(t)V,(S,t)
rV7(B,S) + (p—1)S(t) = Vi(S,t) + uS()V,(S,t) + 30°S(t)*V,, (S, 1)
From the first equation we obtain the weight of the risky asset in the replicating portfolio com-

position
0(t) = V,(S,1).

After setting V(S,t) = V"(B,S), we obtain from the second equation the Black and Scholes
(1973) PDE,

2
Vi(S,8) = =-S5V, (S.1) = rSV,(S,8) + 1V (S,8),

which is backward semi-linear parabolic PDE.
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The value of the option, and in particular its price V(S,0) is the solution of the following option

valuation problem:

Vi (S,t) = —02252‘/85(5,15) —rSV,(S,t)+rV(S,t), (5,t) € (0,00) x [0,T]
V(S,T) = max{S — K,0}, (S,t) € (0,00) x { t =T}

(13.10)

We show in the PDE chapter that the solution of the option valuation problem is
V(S,t) = S®(d (t)) — Ke " TDd(d_(t)), t € [0,T]
where ®(-) is the Gaussian distribution function (see the Appendix) and

n (%) +(T - ¥ 5)

d=(1) = T

The price of the option is
V(S,0) = S(0)®(d,(0)) — Ke "T®(d_(0)),

with ,
m(Z)+T(rF%)
oVT '

where S(0) is observable at time ¢ = 0, K and 7" are specified in the option contract and r and

dﬂF(()) =

o are estimated or conjectured.
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Chapter 14

Stochastic optimal control

14.1 Introduction

In this chapter we identify the stochastic optimal control problem as an optimal control problem
of an It forward stochastic differential equation (FSDE) together with an initial condition on the
state variable and some cases in which there are terminal conditions. We deal with both the finite
and the infinite horizon cases. We, again, present the simplest problems, present heuristic proofs,
and are mostly concerned with characterizing solutions.

There are three approaches to solving the stochastic optimal control problem: (1) using the
principle of dynamic programming (DP); (2) using the Pontriyagin maximum principle (PM); and
(3) the convex duality method (see Pham (2009)).

The first method is the most well known (see Fleming and Rishel (1975) or Malliaris and Brock
(1982) for applications in economics and finance) and leads to the solution of a parabolic PDE,
or a second order ODE for infinite horizon problems. The second method is less well known and
leads directly to a system of forward-backward stochastic differential equations (FBSDE). The third
method is used in association to the Malliavin calculus and is still new. It is not presented in the

following notes.

14.2 Stochastic dynamic programming

14.2.1 Finite horizon

Again we assume the filtered probability space (Q, FAF t}te& ,IP), where a non-anticipating fil-
tration is generated by a Wiener process {W(t) : t € R, }. This means that all the information is
given by the past.

We consider the stochastic optimal control problem, that consists in determining the value
function, V(.),

(14.1)

T
V(zg)= max [, [ / F(t, X(8),U(t))dt
] 0

(U#)eeo,r

43
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subjected to
dX(t) =g(t,X(¢),U(t))dt + o(t, X(t),U(t))dW (t) (14.2)

given the initial distribution for the state variable X (0) = z,. We call U(.) the control variable
and assume that the objective, the drift and the volatility functions, f(.), g(.) and o(.). Function
g(.) is assumed to be of class H and functions f(.) and o(.) are of class N.

One important difference as regards deterministic optimal control is that while in this case
the control variable, together with the transversality condition can be seen as a backward looking
variable, in the stochastic case it should be a  ;-adapted process. Therefore, some type of terminal
condition should be imposed.

The stochastic dynamic programming principle is the analogue to the dynamic programming

principle for the optimal control of ODE’s. It gives a local necessary condition for optimality.

Proposition 1. Stochastic dynamic programming Let the processes (X*(t),U*(t))te[O 1 be
solution to the SOC problem ()—() Then, at time t, the realizations of the state and control
variables, X*(t) = x and U*(t) = u, satisfy the Hamilton-Jacobi-Bellman equation

oV(tz) ovit,z) 1 ,0?V (t, x)
5 = mnax (f(t,m,u) +g(t, x, u)i&c + 2U(t,x, u) o2 )

Proof. (Heuristic) Observe that a solution of the problem satisfies

V(0,zy) = rna:i . E, (/ f(t, X(t),U(t))d )

- mx Ey (/ £t X (1) ())dt+/A f(t,X(t),U(t))dt)

teo ,T)

(14.3)

by the principle of the dynamic programming and the law of iterated expectations we have

Viey) =  max [/ F6 X (1), U)dt+  max ][Em[ £t X (1), U(t))dt

)teO At] “(t))te At,T) At

|

if we write x(At) = xy+Az. If V is continuously differentiable of the second order, the It6’s lemma

= max  [E, [f(t, X(2),U(t))At + V(At, z(Ax))]

(u(t))iefo, a4

may be applied to get, for pair (t,z(t)) = (¢, z)
V(t+dt,z +dx) =V (t,x)+ V(t,z)dt + V,(t,x)dx + %Vm(t, z)(dz)? + h.o.t
where
dr = g()dt+o(.)dW
(dz)? = g(.)%(dt)* +29()o()(dt)(dW) + (a(.)*(dW)? = (o(.))?dL.
Then,

vV = max[E[fdt—i—V—l—V}dt—i—ngt—FVadW—i— ~o?V, dt

= max[f—FVt—FVg-i- ~o?V, | dt+V
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because E,(dW) = 0. The equation is only true if and only if the HJB equation holds.

O]
14.2.2 Infinite horizon
The autonomous discounted infinite horizon problem is
V(zy) = max Eo [/Oo F(X(),U(t)) e rtdt (14.4)
0
where p > 0, subject to
dX(t)=g(X(),U(t))dt+ o (X(t),U(t)) dW(t) (14.5)

given the initial distribution of the state variable X (0) = z, and assuming the same properties for
functions f(.), g(.) and o(.).

Applying, again, the Bellman’s principle, now the HJB equation is the nonlinear second order
ODE of the form

pV(z) = max (f(x, w) + g(t,z,u)V' (z) + %U(m, w)?v” (x)) . (14.6)

References (Kamien and Schwartz, 1991, cap. 22).

14.2.3 Economic applications using stochastic dynamic programming
The representative agent problem

The Merton (1971) model is the standard micro model for the simultaneous determination of the
strategies of consumption and portfolio investment. Next, we present a simplified version with one
risky and one risk-free asset.

Assume that an agent can invest in two types of assets, a risk-free and a risky asset, whose
prices are denoted by B and S, respectively. We denote by ,(t) and 6, (¢) the number of risk free
and risky assets in the portfolio, and by A(¢) net financial wealth of the agent at time ¢, we have
A(t) = 6,(t)B(t) + 6,(t)S(t), for any t € [0,00). The agent can have a short or a long position on
any asset: if ,(t) < 0 (6,(t) > 0) this means that the agent has a short (long) position in asset j
at time ?.

The prices of the assets are given to the agent and are assume to follow the exogenous processes

dB(t) = rB(t)dt
dS(t) = uS(t)dt + oS(t)dW (t)

where 7 is the risk-free interest rate, u and o are the constant rates of return and volatility for the

risky asset. The change in financial income in the time interval dt, starting at time ¢, is therefore,

Oo(t) r B(t) dt + 0, (t)(uS(t)dt + oS(t)dW (t)).
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Assume that the agent is entitled to a deterministic endowment {y(¢),¢ € R} which adds to the

financial income. Then the value of financial wealth at time ¢ is
t t
A(t) = AO) + [ (180(5)B(s) + 18, (5)S () + y(o) — c(s)) ds + [ oy (5)S(:)aW ()
0 0

where the process for consumption {c(t),¢ € R} is endogenous. Denoting the shares of the equity
0 0,8
and of the risk-free asset by w = —— and 1 —w = —>—

a i the budget constraint is the It6’s stochastic

differential equation
dA(t) = [(r (1—w(t)) + uw(t)) A() + y(t) — ()] dt + ow(t) A(t)dW (¢), fort >0 (14.7)

and the initial net wealth A(0) = 6,(0)B(0) + 6,(0)S(0) is known. The rate of return on the total
asset position r%(t) = r (1 —w(t)) + pw(t) is a weighted sum of the rates of return of the risk-free
and the risky asset, and there is time-varying.

The problem for the consumer-investor is

maxE, [ /0 b u(c(t))e”tdt] (14.8)

c,w

subject to the instantaneous budget constraint ([14.7), given A(0) = a, and assuming that the
utility function is increasing and concave.

This is a stochastic optimal control problem with infinite horizon, and has two control variables,
c and w. We solve it by using proposition m

A

The Hamilton-Jacobi-Bellman equation ([14.6) is

pV(A) = max {u(c) + V' (A[(r(l —w) + pw)A+y —c] + %w202A2V” (A)} .

c,w

The first order necessary conditions allows us to get the optimal controls, i.e. the optimal policies

for consumption and portfolio composition

u(c*) = V(A), (14.9)
* _ (,U, - T)
w' = W(A) = - (A) o2 (14.10)
where the n=r) is the Sharpe index and ¢,(A) = —m is the inverse of the elasticity of the
o

value function.

If v (.) < 0 then the optimal policy function for consumption may be written as ¢* = C(A) =
(u')~'(V'(A)). Substituting the policy functions into the HJB equation, we get the differential
equation over V(A)

’

> (V(A)?
V'(4)

m«ﬁzwcm»+wa%HA—CM”+%(_u)

g

(14.11)
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In some cases, in particular when the utility function is a generalized mean and the constraint is a
linear SDE, the HJB equation can be solved explicitly.
Example: the CRRA case In particular, let the utility function display constant relative

risk aversion (CRRA)
cl7m—1
u(c) = e forn > 0,
and define total net wealth

N:N(A):%—i-A,

as the sum of human wealth (g) and net financial wealth.

. T . . . .
We can solve equation solve equation () by using the method of undetermined coefficients.
Conjecture that the solution for equation () is of type

V(A) = a+0N(A)L™

where « and 0 are arbitrary constants to be determined. If the functional form of this function is
correct, by substituting in equation () the state variable, we obtain the HJB equation, at the
optimum, containing only the unknowns « and 6. By finding a particular solution of that equation
we find particular values for those two coefficients.
First, as
V(A)=01—n) N andV"(4) = —fn(1—n) N7

then the optimal policy functions are: for consumption is
1
C(A) = (0(1—n)) " N(A)

which requires that 6 (1 —n) > 0 to be a real number, and for the portfolio composition is

(p—r) N

Substituting in (), we obtain

p(a—i—@Nl_”) = 11 <(0(1—77))%N1_’7—1>+

=
F (00N (r= =) T - ()

o

If we set ap (1 —n) +1 =0, we can eliminate N'~7 and obtain an equation in #. Solving it, yields

0=0" = 1i77 [err(nl—n) n (12;277) (M;T)z}"

Then

V(A) = 1i77{ [P—T(nl—n) + (12;277) (Ma—r)Z]—n Nln_[l)}‘
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Then the optimal consumption is

o <p+r(nn—1) N (12;277) (u—r> ) N

and the share of the risky asset in the portfolio is again

w' = — .
0?2 nA

In the deterministic analogue, with only the risk-free asset, optimal consumption would be

C*:p+r(77_1)
n

N,

which means that if n > 1 consumption will be smaller in the stochastic environment than in the
stochastic one.

We see that the consumer cannot eliminate risk, in general. If we write ¢* = xN, where
X = pfr(nl*m + <12;§> (“;T)2, then the optimal net wealth is stochastic and follows a geometric

Brownian motion

dN(t) = [,undt—i—andW(t)] N(t)

where

Given the initial wealth n(0) = Yy ay, and using the results in the previous chapter, we find that
the probability density of a realization A(t) = a/a, follows a log-normal distribution.

As ¢* = ¢(N), the optimal consumption is also stochastic. Iff we apply Itd’s lemma,
dC = xdN = C (p dt + o, dW(t))

where

The sde has the solution

where



Paulo Brito Advanced Mathematical Economics 2021/2022 49

The unconditional expected value for consumption at time ¢
Eo[C(t)] = c(0) e

The value function follows a stochastic process which is a monotonous function for wealth.
The optimal strategy for consumption follows a stochastic process which is a linear function of the
process for wealth and the fraction of the risky asset in the optimal portfolio is a direct function of
the premium of the risky asset relative to the riskless asset and is a inverse function of the volatility.

References Merton ([1971), Merton (1990), Duffie (1996) Cvitani¢ and Zapaterd (2004)

The stochastic Ramsey model

Let K denote the stock of physical capital and L the labor input which is equal to the population

(no unemployment, diseases, etc). The economy is represented by the the differential equations

dK(t) = (F(K(),L(t) — C(t))dt
dL(t) = pL(t)dt+ oL({t)dW (t)

where we assume that F'(K, L) is linearly homogeneous, given the (deterministic) initial stock of
capital and labor K(0) = K, and L(0) = L. The growth of the labor input (or its productivity)
is stochastic.

If we define the variables in intensity terms,

K(t)

k(t) = )’ c(t) = —+=

we can get an equilvalent representation of the economy by a single stochastic differential equation

over k. Using the It6’s lemma yields
dk = (f(k) —c— (u—0?)k) dt — a*kdW (1) (14.12)

where the production function in intensity terms is f(k) = F (%, 1).

There is a central who wants to find the optimal path of the economy maximizing the intertem-

E, { /0 b u(c(t))eptdt]

subject to the budget constraint ()
We use the stochastic dynamic programming principle to solve the problem. The HJB equation,

(IL4.6), is

poral utility functional

pV () = max {u(e) + V" (k) (J00) — ¢ = (= o)) + 5 (b)Y ()}

the optimality condition is again
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and, substituting in the HJB equation yields an implicit second-order ODE

PV (K) = ulh(k) + V' (K) (F(8) — B(K) — (1 — o)) + 5 (ko)?V" (k).

Cl—9

Again, we assume the benchmark particular case: u(c) = 10 and f(k) = k“. Then the

optimal policy function becomes

and the HJB becomes

0
T 1—90
This equation does not seem to have a closed form solution.

oV (k) VRV R) (6 — (n— o?)k) + 5 (ko )2V ().

However, to illustrate how a solution would be obtained in the case in which a closed-form
solution would be obtained, we consider the (unrealistic) case §# = . Again we conjecture that the
solution if of the form

V(k) = By + B1k“

Using the same methods as before we get

By = (1-a)~!
B 1 (1—a)f “
b= 1—04[(1—9)(/)—(1—04)20’2)] '
Then
V(k) = B, (1;‘)‘ +k:1*°“>
and
_ (1 — a)202
c*:c(kz):<(1 9)(8_(;)0 ) ))k::gk:

as we see an increase in volatility decreases consumption for every level of the capital stock.

Then the optimal dynamics of the per capita capital stock is the SDE
Ak () = (FR (1) — (1 + 0 — 0 (1)) dt — 0P (£)AW ().

In this case we can not solve it explicitly as in the deterministic case.
References: Brock and Mirman (1972), Merton (1975), Merton (1990)

14.3 The stochastic PMP

Consider again the optimal control problem with value function ()

In order to find the necessary optimality conditions by using the stochastic version of the
Pontriyagin maximum principle (SPMP) it is useful to distinguish the case in which the volatility
component depends on the control variable, as in equation (), from the case in which it does
not, as in equation

dX(t)=g(t,X(t),U(t))dt + o(t, X(t))dW(t). (14.13)
The reason for this is, again, related to the fact that the control variable should be 7, adapted.
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14.3.1 Volatility function independent of the control variable

Proposition 2. Stochastic PMP Let the processes (X*(t), U*(t))te[() 7 be solution to the SOC

problem ()—() Then, there are two processes (p(t),q(t))te[o 7 satisfying the adjoint equa-

tion and a terminal condition
{dpa) =~ L0X0 0,07 (0) 4 p(1)g, (X (1), U (1) + a0, (1, X7 (1) b dt + q()dW (1)
p(T) =0
and, defining the Hamiltonian function by
H(t,z,u,p,q) = f(t,z,u) +pg(t,z,u) + qo(t, x),

the optimal control satisfies for the realizations of the state and the control variables X*(t) = x
and U*(t) = u,
H(t7 :L‘*, u*7p7 q) = mgx H(t7 :L‘*’ u7p’ Q>

The proof is in (Yong and Zhou, 1999, p.123-137)

14.3.2 Volatility dependent on the control variable

Proposition 3. Stochastic PMP Let the processes (X*(t), U*(t))te[o 7] be solution to the SOC

problem ()—() Then, there are four processes (p(t), q(t), P(t), Q(t))te[o 7] satisfying the two
adjoint equations and associated terminal conditions

{dp(t) = —{ fo (6, X5 (), U*(1) + p(t) g, (t, X*(£), U*(t)) + q(t)o, (¢, X* (D), U*(t>)} dt + q(t)dw (t)
p(T)=0

and
AP(t) = —{ Fralt, X*(0), U () + 2P(1)g, (1, X*(6), U (1)) + P(1) (0, (1, X" (1), U"(1))" +
12Q(t)a, (£, X* (1), U*(t))} dt + Q(t)dW (t)
P(T) =0

and, defining the Hamiltonian function,
H(t,x,u,p) = f(t,x,u) + pg(t, z,u)
the Generalized Hamiltonian function
G(t,z,u,p,P) = f(t,x,u) + pg(t,x,u) + %a%t,x,u)P
the optimal control satisfies locally X*(t) = x* and U*(t) = u* such that defining

%(t7 x*?u) = G<t7 x*7 u7p7 P) + U(t’ x*7u> (q - PU(t7 x*7u*))
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it satisfies

H(t,x*,u*) = max H(t,z*, u)

u

The proof is in (Yong and Zhou, 1999, p.123-137)

14.3.3 Economic applications using stochastic maximum principle

We present next two applications of the stochastic PMP: a stochastic endogenous growth model and,
again, the Merton model. In the first case the control variable does not affect the volatility term
and in the second it does. This means that we use Proposition E in the first case and Proposition
E in the second.

Application: the stochastic AKX model

This is a stochastic version of the simplest endogenous growth model:

T
max [ In(C(t))e Ptdt
mox [ n(C0)

subject to
dK(t) = (uK(t) — C(t))dt + o K (t)dW (t) (14.14)
K(0) =k,

Observe that, as in this case the volatility term is independent of the control variable, C', we use
proposition E

The adjoint equation is
{dp<t> — — (up(t) + oq(t)) dt + g(t)dW (), € (0,T)
p(T) =
and the Hamiltonian is

H(t,c k. p,q) =In(c)e + p(uk — c) + qok.

OH
We determine optimal consumption such that C* = ¢* by making B = 0. Therefore,
c

CH(t) = (p(t)ert) .

Consumption is a stochastic process, depending on p. Using It6’s lemma yields

dC*(t):—p;:;dt () <>+ < p(t))?
=C*()< pdt— o ) )
= qt q(t) q(t)
—v (“ STON (m)) mdwi
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We have a stochastic differential equation for p(.) but we do not have one equation allowing for
the determination of ¢(.). Based on our knowledge of the related deterministic model, we introduce
a trial relationship

C(t) = ¢ K(t)
where ¢ is a constant to be determined. Applying the Itd’s lemma we have

dC(t) = ¢dK (t)
— ¢ (UK () = C(1)) dt + oK (£)dVV (1)

If we match the deterministic and the stochastic components of the two equations for C, we have,
for any realization of C(t) = ¢, K(t) =k, p(t) = p, and ¢(t) = ¢

c(A—p—i—UZ—i— <Z>2) = ¢(uk —c)

—el= ook
p

that would hopefully allow for the determination of the two unknowns, the realization ¢ and the

parameter ¢. Solving the system we get ¢ = —op and ¢ = p. Therefore,
C(t) = pK*(t)
substituting in equation () yields
dK*(t) = K*(t) (1 — p)dt + odW (1))

Therefore
K* (t) _ koe(ufp7%02)t+0'W(t)

and
C* (t) — pkoe(#—p—%az)t-‘ro‘W(t)

meaning that:
1. consumption and capital accumulation are perfectly correlated;

2. they both follow a log-normal process with mean, where

E[K(1)] = koeltr 3

3. meaning that there wil be long-run growth if y — p — %O‘2 > 0 that is if volatility does not

affect much total factor productivity.
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The Merton (1990) model

Next we consider again the problem of maximizing the intertemporal utility functional () subject
to the stochastic differential equation () Differently from the previous presentation of the
Merton’s model, we now assume that there is no non-financial income, that is y = 0 and the utility
function is logarithmic.

We consider the problem

maX[EO[/ In (C(t))e rtdt
C.w o

subject to budget constraint, represents the dynamics of financial net wealth N,
dN(t) =] (r+(u—r)w) N —C] dt + cwNdW (t)

and N(0) = n, is given and perfectly observed.
In this case there are two control variables, C' and w, but one control variable, w, affects the
volatility term. Therefore, we have to apply Proposition E

The adjoint equations are
dp(t) = —=[(r + (p—r)w(t)) p(t) + ow(t)q(t)] dt + q(t)dW (t)

and

dP(t) = — [2 (r +(u— r)w(t))P(t) + <7’ +(u— r)w<t))2p(t) + 20w(H)Q() | dt + Q(t)dW (t)

lim, , . P(t) =0.
To find the optimal controls we write the generalized Hamiltonian
1
G(t,N,C,w,p,P)=¢""In(C)+p| (r+(p—rw)N—-C] + §U2w2N2P

and
%<t7 N7 C? w) = G(t7 N’ C’ w7p7 P) + O-wN (q - Po—w*N) *

The optimal controls, C* and w* are found by maximizing function (¢, N,C,w) for C and w.
Therefore, we find
C*(t) = e Pip(t)~! (14.15)

and the condition
p(t) (1 —1)N*(t) +w*(£)o* N*(£)*P(t) + oN*(¢) (q(t) — ow* () N*(t) P(t)) = 0
which is equivalent to p(t)(u — r)N*(t) + oq(t)N*(t) = 0. Therefore we find

alt) = —p(t) (=),

g
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and, substituting in the adjoint equation,

dp(t) = —p(t) <rdt + (?) dW(t)) .

Observe that the structure of the model is such that the shadow value of volatility functions P
and ) have no effect in the shadow value functions associated with the drift component p and g,
which simplifies the solution.

Applying the It6’s formula to consumption (), and using this expression for the adjoint
variable ¢, we find

_ C(t) C(t) 2 _
AC(1) = —pC(t)dt — _Hdp() + s (dp(t))? =
= _pC(t)dt + C(1) <rdt + (?) dW(t)) + o) (“ - 7”)2 dt =

_C(t) {(T—p—i— (“U_T>2> dt + (“;T) dW(t)}.

Now, we conjecture that consumption is a linear function of net wealth C' = £N. If this is the
case this would allow us to obtain the optimal portfolio composition w*. If the conjecture is right

then we will also have
dC(t) = €AN(t)
=EN@)[ (r+(p—r)w—¢) dt + owdW (t)]
=Ct)[ (r+(p—r)w—¢) dt +owdW (t)]

This is only consistent with the previous derivation if

r—p—i—(M;T)Q—r—i—(,u—r)w—f

g

Solving for £ and w we obtain the optimal controls

CH(t) = pN*(t) (14.16)
wit) = BT (14.17)

o2

Substituting in the budget constraint we have the optimal net wealth process

dN*(t)
=, dt dW (t
N M dbtondW(D)
where
2
o = r—p+ (1) (14.18)
o
p—r
= 14.19
on = (14.19)
which can be explicitly solved with the initial condition N*(0) = n,. We also find that
dC*(t)
=, dt dW (t
Gy At ondWLD)

the rates of return for consumption and wealth are perfectly correlated.
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14.4 References

Application to economics: |Malliaris and Brockl (|198j), bhanﬁ (|2004|), Btokeyl (bOOd)

Applications to finance: asset pricing lBjé')rkI (|2004|) and |Cvitanié and Zapaterol (|2004|) , credit

risk [Bielecki and Rutkowski (|2004|) Advanced ()

Solution by DP methods: lFleming and Rishe]| (|1975|) and beierstad| (lZOOd)

Pontryiagin’s principle for SDE: tBensoussan| (h988|), (lYong and Zhou|, |1999|, chap. 3)

A survey on stochastic control: (),
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