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Chapter 13

Introduction to stochastic calculus

and stochastic differential equations

77

13.1 Introduction

The ordinary differential equation, having time as the independent variable,

v = f(y(t)), for t € R, (13.1)

can be extend by introducing a linear random perturbation, €(t),
Y = f(Y(t)) +e(t), for t€R, (13.2)
where f(Y'(t)) is the deterministic component (or skeleton), or a mor general non-linear perturbation
Y = f(Y(t),€(t)). (13.3)

While the solution of () is a mapping y : R, — R, in the case of equations () or
(13.3), the solution is a mapping Y : R, x Q@ — R™ where (2, P) is a probability space. We denote
Y (t) = y(t) = y, the realization of process Y (t) at time ¢ > 0.

In the previous parts, we studied the behaviour of the solution for the deterministic ODE. We
saw that if function f(.) is continuous and differentiable a solution y(¢) exists, it is unique, and it
is a continuous and differentiable function of time. In addition we characterized the solution as
regards the existence of steady states, their stability properties and their bifurcation behavior.

The solution of a stochastic differential equation can be seen as a (very large) family of solutions
associated to their deterministic component. This is why we use Y (¢) instead of y(¢). Indeed, for a
particular realization of the random variable, such as as €(t) = ¢,, where ¢, is a number, it becomes
a deterministic ODE. In this sense, some of the properties associated to the deterministic part f(.),

like continuity, differentiable, stability and bifurcation behavior can be checked and analysed.
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However, the introduction of noise implies that solutions of a stochastic differential equation
may need some reinterpretation, and some new features of the solutions emerge: they may not be
differentiable, they do not converge to a deterministic steady state and even if the deterministic
component has a fixed point, the solution may not be stable.

Simplifying, we can view stability for perturbed systems as stability in a distributional sense.
We are unaware of a general bifurcation theory for stochastic differential equations. However, we
can look at the solutions by trying classify the effects of the perturbation as regards their comparison

with a related deterministic (linear or non-linear) skeleton model:

high noise may generate large deviations (from the deterministic solution)

high noise may generate small deviations

low noise can generate small deviations

low noise can generate high deviations

There are several ways to introduce randomness in dynamic models. In continuous time models
applied to economics and finance there are two main ways to introduce a stochastic componentﬂ
which can be seen as the formal counterparts to, the previuosly referred, high and low noise,

respectively:

e to model rare events with a local high impact, uncertainty is introduced via a Poisson

process, (Q(t) )teT,

dY (t) = f(Y (1), t)dt + (Y (t7),t7) dQ(t) (13.4)

where Y (t7) = limg, Y(s) and dQ(t) = 1 with probability Adt and dQ(t) = 0 with proba-

bility (1 — X)dt, f(.) and v(.) are continuous and differentiable known functions.

e to model frequent events having a local small impact, uncertainty is introduced via a Wiener

process (W(t)),cp. The most common model is called diffusion equation
ay (t) = f(Y(t),t)dt + o(Y (t),t)dW (¢) (13.5)
where f(.) and o(.) are continuous and differentiable known functions.

The main reason for using the previous formalism is related to the fact that Y'(¢) is not differen-
tiable in the classic sense in both cases. Before solving any of the previous two equations a specific
stochastic calculus has to be developed.

Equation () is called stochastic differential equation with jumps (SDEJ) in the
differential form. The equivalent SDEJ in the integral form is

Y (t) :Y(0)+/O f(Y(s),s)ds+/0 v(Y(s7),s7) dQ(s) (13.6)

1For a clear discussion see Mertor| (1982).
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where the first integral in the right-hand-side is a Riemmann integral, but the second is a Poisson
integral. In order to solve and/or characterise SDEJ we have to introduce the properties of
the Poisson process and of the Poisson integral. Likewise, equation () is called stochastic

differential equation (SDE) in the differential form. The equivalent SDE in the integral form is

Y(t) =Y(0) +/0 f(Y(s),s)ds +/O o(Y(s),s)dW (s) (13.7)

where the first integral in the right-hand-side is a Riemmann integral, but the second is a Ito

integral. Stochastic differential equations having both jump and diffusion,
dy (t) = f(Y(t),t)dt + o(Y(t),)dW (t) + o(Y(t),t7) dQ(2),

also have been dealt in the litarature The most common approach to SDE’s view "noise” as
generated by a Wiener process and builds upon the It process, as in equations () or ()
In the rest of this lecture we will restrain to It6’s SDE’s. From this we present the basic linear
SDE, the diffusion equation, and study its statistical and stability properties. In order to solve
and/or characterise SDE we have to introduce the properties of the Wiener process and of the 1t6’s
integral.

We present a very brief introduction to the Itd’s stochastic calculus applied to stochastic dif-
ferential equation of type (), following an applied and heuristic approach. In particular, we
emphasise the connections with ordinary and partial differential equations.

In section we define and describe the properties of the Wiener process. In section
we define and present the properties of the It6’s process and integral. In section we present

methods for characterizing the solutions to diffusion processes.

13.2 The Wiener process

13.2.1 Stochastic processes: a brief description

A uni-dimensional stochastic process can be seen as a flow of random variables (X (t,w)) ,
teT
for X(t,w) : T x Q@ — R, where (Q,7,P,F) is a filtered probability space. A filtered probability

space is defined by the sample space 2, by the set of events F (i.e., the set of all subsets of Q0), a
probability measure over events and the filtration [ = (3" (t)> .

In non-rigorous terms, we can interpret a filtration as tltneeTway in which the flow informa-
tion allows for determining a probability distribution for events taking place over time. A non-
anticipating process is a process in which the probability associated to a particular event is
determined from past events, meaning that we can only ascertain the probability of a future event
on the base of past information. An anticipating process is a process in which we condition the
probability of present events on the occurrence of future events. A stochastic process is adapted
to a filtration if it has a probability distribution drawn from a particular filtration, that is,

depending on the flow of information implicit in the filtration.
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In the rest of the lecture we represent a stochastic process by (X (t)) , where X(t) : T —
R represents the possible realizations of the process at time ¢, that itseli)efore nature (or a
pseudo random number generator of a computer) makes a draw at time ¢. The realization of a
stochastic process at time ¢, denoted by X (¢) = x(t), is a particular number, x(t), that is observed
after nature (or the computer) makes a draw.

From now on, we consider non-anticipating processes, or processes adapted to a non-anticipating

filtration.

13.2.2 Wiener process: definition

There are several ways of characterising the Wiener process, also called standard Brownian
motion. As we mentioned before, the Wiener process, as a stochastic process, can is defined by a

particular type of information on the flow of events and the associated probability distribution.

Definition 1. A Wiener process, denoted by (W (t)),~q, is a stochastic process, where W :

Q x T — R has the following properties:

1. the initial value is equal to O with probability one: P[W(0) = 0] =1 (also written as W(0) =0
a.s.) i

2. it has a continuous version: i.e., a randomly generated path is a continuous function of time
with probability one (i.e., there can be discontinuous jumps, but they have probability zero of

occurring);

3. the path increments are independent and have a Gaussian probability distribution with zero

mean and variance equal to the temporal increment

AW (t) = W(t + dt) — W(t) ~ N(0,dt), >0

The last property implies that the Wiener process is a Markovian process. This means that
it is a memory-less process.
A propagator can be defined as the conditional probability of the process (W (t)) having the

realization w’ at time ¢ + dt, given that it had the realization w at time ¢,
Py (w'jw) = P[W(t + dt) = w'|W(t) = w].

If we write w’ = w + dw then the propagator of a Wiener process is

1  (dw)?
vV 2mdt

There are several ways of charaterizing stochastic processes. Next we characterize the Wiener

th(w/ lw) =

process by its sample path and statistical (or stochastic) properties.

2 Almost surely.
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Figure depicts a sample path, in subfigure (a), and 100 draws of the process, in subfigure
(b). It illustrates the stochastic properties of the Wiener process: first, every sample path is strongly
jagged, second, the distribution displays increasing dispersion over time, although it tends to be
located most of the time close to W = 0. Furthermore, although sample paths looks like being
continuous they are not smooth enough to allow differentiability (i.e,. at every point in time limits
do not look like being unique).

We can present a heuristic confirmation of those perceptions.

Sample path properties
Proposition 1. The Wiener process is not first-order-differentiable in time, in the classic sense.

Proof. (Heuristic) Let

‘dW(t) ‘ _ ‘W(t +dt) — W (t)

dt dt
for a given 0 < t < co. If dt > 0, then
aw) ] 1
E =—L t+dt) — t
222 ) = Emw+an - wa

Writing W (t + dt) — W (t) = X, and taking into account the definition of the Wiener process,
z? z?
> 5 vadt [~ 555 d
E[|X]] = o g — ol a9
oo V2mdt VT V2dt V2dt

(setting y = x/V2dt, and asdt > 0)

vadt [ 2
NG lyle V" dy

because / ly| e %" dy = 1 see the Appendix on the Gaussian integral)

:ﬁ,
|20 | = (2 = |2 = o(van)

/N

Then

The time derivative is of order v/dt meaning that as limg, ., [E H dvgt“) H = 0o which means that
the sample path of (W(t)) is not first-order differentiable in time. O
This means that the derivative
dW (t)
dt

is not well defined, although the variation dW(t) is well defined. Therefore, from the fundamental

theorem of calculus, the process specified in the integral form

W(t) = /Ot dw(t), a.s.
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Figure 13.1: Sample paths for the Wiener process
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is well defined.
This is the reason why we need a particular calculus to deal with stochastic differential equations

which are functions of Wiener processes, as we will see next.

Statistic properties

Looking again to Figure we can characterize the statistic properties of the Wiener process.

Those properties can be derived from the definition of the Wiener process

Proposition 2. Assume that the time variation is positive dt > 0. The Wiener process has the

following statistic properties:

1 It is stationary in expected value terms, that is

E[dW(t)] =0, for each t € T;

2 the mathematical expectation of the square variation of the Wiener process is equal to the
time increment
E[(dW (t))?] = dt, for each t € T;

3 the variance of the variation is equal to the time increment

V[dW (t)] = E[ dW (t)?] —E[ dW (t)]? = dt, for each t € T.

Proof. Let dW(t) = dW, where dW can be seen as a random variable with a N(0,dt) density
distribution, and dt > 0. Then: (1) the expected value is

o d w‘2
E[dW] = / \/%e_(édi d(dw)

(changing variables dw = v2dtz = d(dw) = V2dtdzx)

[2dt [ 2
= / ze ¥ dr =0
T Joo

from the properties of the Gaussian integral (see the Appendix); (2) the quadratic variation
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(dW (t))? = (dW)? has the expected value

e de _ (dw)?
[E[(dW)2] —/ \/me st d(dw):

(using the same change in variables)

2dt [
= 22e " dy =
ﬁ —00 ;

(using again the properties of the Gaussian integral)

_ 2ty _
- 2
=dt

(3) as the he variance of a change V [dW (t)] = E[dW (¢)?] — E [dW (t)]> and E [dW (¢)] = 0 then
V[AW(t)] = E[dW(t)?] = dt. 0

Corollary 1. Assume that the time variation is positive dt > 0.

1 The expected value for a Wiener process is

E[W(t)] =0, for every t € T

2 the mathematical expectation of the square of the Wiener process is

E[W (t)?] =t, for each t € T

3 the variance of the Wiener process is

VIW(t)] =t, for each t € T;

4 let s =dt +t. Then the covariance of the Wiener process is

Cov[W (s),W(t)]=s, forany s >t €T

5 the correlation coefficient of the Wiener process is

Corr{W (s), W(t)] = \/f, forany s >teT.
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t t
Proof. (1) As W(t) = W(0) + [ dW(t) and P[W(0) = 0] = 1, then E[W(¢)] = [E[ I dW(t)] -
JEldw(s )] =0, for every t € T; (2) W(1)2 = [/ dW(t)? then E[W(t)?] = [E[j(’)t dW(t)z] -
f E[dW (s)? f ds = t, for every t € T; (4) for the covariance, because the increments of the

Wiener process are i.i.d
Cov[W (s), W(t)] = Cov(W(s), W(s) — (W(s) —W(t))) =
= Cov(W (s), W (s)) — Cov(W (s), W(s) —W(t))) =
=V(W(s)) — Cov(W(s),dW(t))) = s

13.3 The It6’s processes

In equation SDE () we had the tem

t
/ o (Y (s))dW (s)
0
which, from the non-differentiability properties of the Wiener process that we just saw, needs to

be addressed. Next we present [td (1951) interpretation of the integral.

Definition 2. Let f(t) be a bounded function of time and (W (t))

Ito’s integral to

o0 @ Wiener process. We call

= /O f(s)dW(s). (13.8)

This definition can be extended to functions of type f(¢,w),where w is adapted to the Wiener
process. If the function is bounded in the sense [E| fot f(t)2dt] < oo, a more general definition of an

1t6 integral is ,
I(t,w) :/ f(s,w)dW (s) (13.9)
0

where w is the outcome of a non-anticipating Wiener process, i.e, W(s) = w for s < t.
The It6’s integral generates an Itd’s process (I(s))!_,. It shares some properties with the
classic (Riemannian) integral, but same other properties which are related to the fact that it

integrates a Wiener stochastic process.

Properties of the It6’s integral

e The integral of a sum is equal to the sum of the integrals

/Ot(fl()+f2 /f1 AW (s /f2 AW (s
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e The It0 integral is additive as regards the time integrand

/de /de /de

forO<t<T.

Statistic properties of the It6’s integral

e The It0’s integral is stationary in expected value terms, because

/f ) dW (s /f E[dW (s)] = 0, for each t € T.

e The variance of the It6’s integral is
t
V[I(t)] =E[I(t)?] = / f(s)?ds, for each t € T.
0
(see the proof next).

13.3.1 The It6’s integral and stochastic calculus
It6’s integral, in equation (), is written in the integral form differential form as

dl(t) = f(t)dW(t) (13.10)
where dW (t) is a variation of the Wiener process. Even if f(.) is differentialble we readily see that
I(t) is not first-order differentiable. However, there is differentiability in a second-order sense.
I1t6’s formula for a one-dimensional process

Lemma 1 (Itd’s formula).  Assume that X (t) is an Ité’s integral and assume that f(x) : R — R
is a C? function. Then the integral Y (t) = g(t, X(t)) satisfies, in its differential form, the Ito’s

formula

4Y (1) = g4t X ()1 + g, (1 X(D)AX(0) + 50,1, X)X (1)) (13.11)
where
g:(t,x) = 89;; x>, g9, (t,z) = agét;x)’ and g,,(t,x) = 8(%(;2733)

In its application the following It6’s rules are used
(dt)? = dtdW (t) =0, (dW(t))? = dt.

Proof. [td (1951) O
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Functions of a Wiener process : Itd’s formula provides a rule for calculus of functions of
a Wiener process. Let dX(t) = dW(t) be an It6’s integral in the differential form, and define

Y(t) = g(t, X(t)), where g(t,x) is a C1? function. Then Y (¢) follows an Itd’s stochatic differential
equation (SDE)

AV () = (9006, X(0) + 0001, X (1)) it + g, (8, X(5)dW (1)

If function is invertible as regards x, such that x = h(t,y) then we can write

AV () = (916,50, Y (1)) + 5050 (1, (1 ALY () ) i+ g, 0, (1,18 Y (0))TW (1),

as an It6’s SDE.
In particular, if dX(t) = dW(t) and Y (t) = g(X(t)), we have several particular cases:

o for a linear function: g(x) =az +0b, as g,(z) =0, g,(x) = a and g,,(x) =0, then

dY (t) = adX(t) = adW (t)

o for a power function: g(z) = 22, for a # 0, as g,(x) = 0, g,(¥) = az® ! and g, (v) =
a(a—1)2%2 then

dy (t) = “(“2_1) X(4)*2dt + aX (t)* L dW (t)
— a(“z_l)m)“f dt +aY (t) 5 dW(t)

—av()= (%5 Lt 4 Y (1) dW (1))

o for an exponential function: g(z) = e*®, for A # 0, as g,(z) = 0, g,(z) = A e*® and g,,(z) =
A2 er then
)\2
dy (t) = ?Y(t) dt + \Y (t) dW (t)
o for a logarithmic function: g(x) = In (), then

4y (t) = —2X1(t>2 dt + X1<t> A (1)

_ %e%wdt Fe YO g(e)

Functions of a simple It6’s process : It6’s formula also provides a rule for calculus of functions
of an Ito’s integral. Let dX(t) = f(t) dW(t), then Y (t) = g(t, X(t)) satisfies

AV () = (9106, X(0) + 5050t X(0) £2(0)) dit + 9, (1, X () F(2) AW (0).
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Example We can use the previous formulas to show that

E[I(t)?] = 5)%ds
1071 = [ )
where f(.) is deterministic, and (I(t)) is an Itd integral. To prove this: first, let dI(t) =
f(t)dW (t) and let y(t) = g(I(t)) = I(t)?. Applying the Itos formula yields
A(1(1))2) =2 1(0)dT(#) + 5 (@1(0))
=2 £(O) 1(£) AW (1) + (f(1) W (1))’
= f(t)?dt +2 f(t) I(t) AW (t);
second, integrating

t
0

I(t)?> =1(0)2 +/0 dI(s)? = /0 dI(s)? = /0 f(s)?ds +2 / f(s)I(s)dW (s),
at last, E[I(t)?] = jg)t f(s)? ds because [E[K f(s)I(s) dW(s)] =0.

13.3.2 1Itd’s formula for a multi-dimensional process

It6’s formula in equation () can be extended to a multi-dimensional function,

where

X, (1)
satisfies the variation, in its differential form, the n-dimensional It6’s formula

dY (t) = f,(t, X(t))dt + V. f (£, X(t)) "dX(t) + é(X(lt))T Voo f (£, X(2))dX(2), (13.12)

where V_ f(-,x) is the Jacobian and V. f(-,x) is the Hessian on function f(-,x),

fa, (8, X(1)) Joyay &X@) o S, (6,X(1))

fo(t,X(t)) = > vxaﬁ f(t? X(t)> -

Ja, (£, X(1)) Jo o, 6X(E) o Sy
If there are n independent Wiener processes W (t) = (W;(t), ..., W,

n

(¢, X(t))

(t)) we use the rule

nTn

dW;(t)dt = dW,;(t)dW,(t) = 0,for any,i # j,and dW,(t)dW,(t) = dt, for any i.

Example 1: product rule Let Y (¢) = f(X,(t), X5(t)) = X;(t)X,(t). Then

dY (t) = X, (£)dX,(t) + X, (t)dX, (t) + dX,(t)dX,(t), for each t € T (13.13)
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that is equivalent to

dY (t) _ dX,(t)  dX,(t) dX,(t) d,XQ(t)’ for each te T,
Y T X0 Xl X)) X()

where the presence of the last term distinguishes the 1t6’s stochastic calculus from product rule of

elementary calculus.
To prove this, apply the It6 rule in equation () observing that we have the following

derivatives of f(zq,z5)
x 01
v:rf(':Cl"TQ) = ( 2) ’ vzm f(xl’:BZ) = ( ) .
T 10

arto= (e x0) (o) + 5 e (7 0) (G20).
1 dX, (t)
= X,(t)dX (t) + X, (t) dX5(t) + B ( dX,(t) dX, (t)) (dX <t))

Then

= X,(t) dX,(t) + X, (t) dX,(t) + dX,(t) dX,(1).
Dividing by Y (t) = X, (t) X, (¢) yields equation ()
Example 2: quocient rule Let Y (¢) = f(X;(t), X5(t)) = X;(t)/X,(t). Then

dY (t) dX,(t)\ rdX,(t) dX,(t)
—==(1- — f h teT 13.14
%0 ( X, (1) ) X)) X0 ) for cach t€ T, (13.14)
where, again, the presence of the last term distinguishes the It6’s stochastic calculus from the

quotient rule of elementary calculus.
To prove this, apply the It6 rule in equation () observing that we have the following

derivatives of f(zq,z5)
1 o L
vmf(x17x2) = xﬁl ) ch:z f(xl)xZ) = 1 2£f
a3 R
Then

1
1 X, (t dX,(t 1 2 | (dX,(t
- (st ~50) (65) e 3enar o TEIT) ().

dX,(t) _

Xo(t)? Xo(2)?
_dXi(t) X () dXe(t) 1 Xo(t)  2X, (1) dX,(t) — Xo(t) dX, (1) dX,(t)
- X(t) Xo(t)? 2 ( X (t)? X (t)? dX,(t)

X, (t

) ( dXy(t) dX2(t) dX,(t)? B dX, (1) dX2<t)>_
Xy (1) (t) Xo(t) — Xp(t)? Xy(4) X,(t)

Dividing by Y (t) = X;(¢)/X5(t) and factoring out yields equation ()

3We write the function as f(z,, ) and not f(X,, X,) because this function is the same independently from

the realizations of the two stochastic processes. That is, it is state-independent. This would not be the case if the
function is state dependent, as f(X;, X,,w) in which w is a function of past values of the Wiener process (W (t)).
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13.4 Diffusion processes

Let us consider the stochastic differential equation in the [t6 interpretation, which is also called

diffusion equation, in differential form
dX(t) = u(X(t))dt + o(X(t))dW(t), for each t € [0, 00) (13.15)

or in the integral form
X(t)=X(0)+ /Ot u(X(s))ds +/0 (X (s))dW (s), for each t € [0,00) (13.16)

where the solution (X(¢)),cr is called a diffusion process. Next we deal with one-dimensional
diffusions, X : Q@ x T'— R.
There are several results that allow us to characterise the properties of the diffusion process. In

the next chapter we will apply them to obtain explicit solutions of linear SDE’s.

13.4.1 Functions of the diffusion

Before determining the statistics for the process (X (t)) it is useful to apply the Itd’s formula
teT

to a function of the diffusion.

Proposition 3. Consider the process (Y (t)),ep such that
Y(t) = f(X(1))

where X (t) is a diffusion process given by equation (), and f(-) is a point-wise mapping
f(z) : R = R which is at least C*(R), and it is invertible, such that x = f~1(y) = g(y), where g(*)

is continuous. Then Y (t) is also a diffusion process such that
dY (t) = p, (Y (t))dt + o, (Y (t))dW (2). (13.17)
where

i) = Folo)) Bo(w)) + 3 Fr (0(9(0)))?

Proof. To prove this we use the Ito’s formula to find dY () = d(f(X(t)),
V() = XWX + L (X)X (1)
— LX) (X @)t + (X)W (D) + 5 Foa(XONo (X (1)) dit =
= (LX) + 5 a0 (XO)? ) dt+ £, (XN (X)W (1),

If the function f(.) is invertible then we substitute, for every realization, x = f~1(y) = g(y) into

the last equation. O
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We can use the Itd’s rule to get several properties related to the diffusion equation. In particular,

we can characterise statistics for the sample path (or moment) and distribution properties.

13.4.2 Moment equations

In this subsection we derive the first and the second moments for the diffusion process (X (t)),cr

generated by the one-dimensional diffusion equation in integral form in equation ()

Proposition 4. Consider the diffusion in integral form (13.16), and assume that X(0) = x, is

deterministic. Then

e the first moment of the diffusion process is

e the second moment of the diffusion process is

E[X(t)*] = x5 +/0 (2E[X (s) (X (5))] + E[o(X(s))?]) ds

e and the variance s

V[X(t)]Z/O (Q[E[X(S)M(X(S)H+[E[0(X(S)>2])d8—/0 Elu(X(s))]ds (2900—/0 [E[M(X(S))]d5>

Proof. As o(X(t)) is a non-anticipating random variable, if we use the properties of the Wiener

process we have

E[X(t)] = E[zo] + E [/o ,u(X(s))ds] +E [/0 a(X(s))dW(s)] =

=z,+L [/0 ,u(X(s))ds] =

— 3o+ / E (4(X(s))]ds

because of the properties of the expected value operator. In order to determine the second
moment, E[X(¢)?], we introduce the variable Y (t) = X(¢)?. Using the Itd’s formula,

dY (t) = t)dX () + (dX(t))?
Ydt + o (X (t)dW (1)) + (u(X(t))dt + o(X(t))dW (t))? =

X(
X( )
= (X p(X (1) + o(X (1)) dt + 2X (H)o (X (1)) dW (2)),
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yields

Taking time-derivatives, the previous properties have differential equivalents for the variation

of the first moment

the variation of the second moment,

mmgﬂﬂZQHXﬁuMﬁDHw$ﬂX@y]
and the variation of the centered second moment
avixX()]

L = SE[X (X ()] + Elo(X(0)*] — Elu(X (1))

These equations allows to find a relationship between ordinary differential equations (ODEs) and
the moments of the processes represented by stochastic differential equations (SDE). If this is the
case, we can obtain an asymptotic characterization of the moments of the solution to SDEs.

For particular cases, depending on the functional form of u(-) and o(-), this allows to obtain
ordinary linear differential equations over moments of X(¢), and, after solving them obtain time
varying solutions for the moments.

Example Consider the linear diffusion equation
dX(t) = —yX(t)dt + cdW(t)
where X (0) = z is known, and v and ¢ are two constants.
The first moment of X (¢) satisfies the ODE

dE[X ()]

= — X ()
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then the expected value of the process follows the deterministic path
E[X(t)] = zge .

The second moment satisfies

The variance is
VIX(1)] = E[X(1)?] —E[X(1)]* =

o? o?\ _ 2
Zg—i- (w%—%)e 27t — (e )
o

2
_ 29t
% (1—e ).

Therefore, the dynamic properties of the moments can be the following, depending on the value of

v

1. if v > 0 then

0.2

lim E[X(¢)] =0, and tlg(r)lo VIX(t)] = lim E[X(¢)?] = —.

t—o0 t—o0 2’)/

case we say we have an ergodic process;

2. if v =0 then

2
lim E[X(t)] = o, lim V[X()] = % and lim E[X(t)?] = 22

t—o0 t—o0

case we say we have an ergodic process;

3. if v < 0 then
lim E[X ()] = lim V[X(¢)] = lim E[X(#)?] =

t—o0 t—o0 t—o0

then the process unbounded.

then the process tends asymptotically to a bounded limit distribution N (0, ; ) In this
Y

then the process is path dependent as it tends to a limit distribution N <x0, ;) In this
Bl
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13.4.3 Forward density dynamics: the Fokker-Planck-Kolmogorov equation

An alternative method to determine the dynamics of moments involves finding the dynamics
of the probability distribution. This approach allows for finding a relationship between SDE and
partial differential equations (PDE).

Consider again the diffusion process specified in equation ()

We define the unconditional probability

pt,x) = PIX(t) = 2|X(0) = zo] = P*[X(t) = ],

as a mapping p : T x X — (0,1). It is the probability, determined with the information at time
t = 0, that the realization of the process at time ¢ > 0 will be equal to x (a scalar), i.e. X(t) = =z,
when we observe that at time ¢ = 0 the process it is equal to z, i.e. X(0) = x,. The initial state
can be made consistent with the unconditional probability if we let the probability at time ¢ = 0
to be a Dirac-delta distribution centered at z, p(0,z) = 0(z — x).

We introduce the following assumption: the support of « is the whole set of real numbers X = R,

it satisfies lim,_,, . p(t,z) = 0, and a normalization condition holds
o0
/ p(t,x)dx = 1, for everyt > 0.
—00
Then the mean value of the process (X (t));cg, is the function of time

E[X(t)] = / zp(t,z)dz, for everyt € R,.

Definition 3.  Let X(t) = x be the realization of the diffusion process () at time t > 0 and
let p(t,z) be its unconditional probability. Then the following operator

I(u(z)p(t, x)) N 19%(o(z)?p(t, x))
ox 2 Ox2

is called adjoint operator.

The following (forward) partial differential equation

op(t,z) . I(pu(x)pt,x) | 19*(a(x)*p(t x))
o Glplt ) = — Ox + 2 0x2

is called Kolmogorov-Fokker-Planck equation.

(13.18)

Proposition 5 (Forward density dynamics).

Let the stochastic process (X(t));o be generated by the SDE (), and let the initial state be
X(0) = xy. Then the probability distribution of X(t) at time t > 0, is the solution of the forward
partial differential equation (PDE)

{ pi(t,x) = G*[p](t,z) for t>0
p(0,z) = §(x — z() for t=0

(13.19)

where G*[] is the adjoint operator.
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Proof. (Heuristic) We introduce a test function. Let t € T = [0,T] and = € X = (—o0,00) and
consider an arbitrary stationary and bounded function f(¢, z) such that f(0,X(0)) = f(T, X(T")) =
0, for X(0) = z, and any realization of X(T'), and lim,_,,  f(¢,z) = 0.

Therefore,

t t

F8X() = F(0.20) + [ dF.X() = [ df(sX(0),
0 0
and we expect
T
(T, X)) =] [ afexw)] ~o.
0
Using the It6’s Lemma we find, for any realization of the process at time ¢, X (¢) = z, we have
A (t,2) = [ ft, ) + w0, £t ) + So? @)D, f(1,2)] dt + (o(2)0, f(t,2)) AW (1),

The variation of f fromt=0tot=1T is
T

/0 " df(te) = /0 [ B0t ) 4 w@)0, 7t ) + 502 ()0, f(t,)] dit + /0 " (oo stt.0)) awie),

Assume there is an unconditional probability distribution p(¢,z). The unconditional expected

value of the variation of f from t =0to t =71 is

a / Tdf<t>} =[E[ / T[atf<t,x>+u<x>axf<t,x>+§a2<x>amf<t,a:>] dt] +

0

+E /0 ' (o), £(t.2)) dW(t)]

’ 1
=F [ /0 [ 0, f(t,x) + pu(x)0, f(t,x) + 502(90)83636]”(15,3:)} dt] =
(because the second integral is an It integral)
00 T
= [ [ [2dt0) + n@0.(00) + 50 @0, 1 0.2)] pltn)dras
—0o0 0

== Il + I2 + 13
Because function f(-) is arbitrary, but has the properties we introduced, we see that the E[df(t)]

is equal to the sum of three integrals. Performing repeatedly integration by parts we find

I, = /_Oop(t,a:) f(t,x) dw‘tTO — /_OO /OT owp(t,z) f(t,z)dtdx,

12—/0 w(zx) p(t,x) f(t,z)dt ZO:_OO—[ /0 0, (u(x)p(t, x)) f(t,x) dt dx

and
o0

0*(@)p(t.2) 0, f(t.2) — 0, (0% () p(t,2) f(t.)| dt

w’\i

Il
N |
S—
S

T=—00
T

+ 1 / 0y (0?(2)p(t, 2)) f(t,2) dt dx

0

8

8
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With the boundary conditions introduced then
T 00 T 1
£ [ / df(t)] = [ [ [ - owtn) 0. p(e.0) + 50, (@t )] Stz deda
0 —oo Y0

Therefore, for an arbitrary stationary process [E{ jéT df (t)] = 0 if equation () holds. O]

If we determine the probability distribution p(¢,z) then we have an alternative method fo find
the moments of the diffusion process. For the case in which the support is R The mathematical

expectation is

and the variance is

A process is called ergodic if the asymptotic probability distribution is time independent
*(z) = li t,x).
p*(x) = lim p(t,z)

This implies that the moments are asymptotically constants

tim EX(0) = [ wplta) do = p,
and the variance is

2

lim V[X(t)] = / N (z — E[X(1)])

t—o0

p(t,z)dz =032 >0

Intuition: small or large perturbations do not have large long run effects on the value of X.

Example 1 Let dX(t) = odW(t) and let X(0) = x,. In order to find the probability p(¢,z) =
P[X(t) = z|X(0) = z;], we set p(z,0) = P[X(0)] = é(x — z,) is a Dirac delta function with the

distribution mass concentrated at x,. The initial distribution is a probability distribution because

/ d(z —xy) de = 1.

As we have pu(x) = 0 and o(z) = o the adjoint operator is

10%(o2p(t,x)) o2
Gt e) = 5——5 5 5 Paa(t,2)
To find the p(t,z) we apply the Fokker-Planck equation and solve the problem with a forward

parabolic PDE and an initial condition:

pt(tvx) = %2 pxm(t7$)7 (ta .f) € [RJr x R
p(0,2) = 6(x — xy), t=0.
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We saw in chapter 12 that the solution to this problem is

1 (z—=zq)?
p(t,x) = —— € 2070 , for t > 0.

oV 2mt

Therefore, the expected value and the variance are

E[X(t)] :[ zp(t,x)dr =z,

and

VIXO) = [ - EXO)Ppta)do= [ (o plto)ds = ot

and the process is not ergodic.

Example 2 Let dX(t) = pdt + odW (t) and let X(0) = x,. As we have p(z) = p and o(z) =0

the adjoint operator is
2
o

2
To find the probability p(t,z) we apply the Fokker-Planck equation and solve the problem with

a forward parabolic PDE and an initial condition:
2

g
pt(ta-r) = —,upx(t,x) + ? pwx(t7$)¢ <t,l‘) € [R+ X R

p(O,.CC) :5(1‘—110), t=0.

We saw in chapter 12 that the solution to this problem is

p(t,x) = [ d(s—xy) g(t,x —s)ds

where the Gaussian kernel is

(y — pt)?

1 ei 20’2t

g(t,y) = Noror

Therefore the unconditional probability distribution for an arbitrary realization X (¢) = x is

(z —my — pt)®
e 202t : (13.20)

1
p(t,x) = s

and the expected value and variance are

E[X(t)] :/ xp(t,x)de =x5+ pt

and
oo

VX)) = [ @ EXO)Ppta)de= [ (@—ag—ut P plta)de = ot

—00
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13.5 Backward probability distribution

In some problems, particularly in finance applications, we may be interested in determining
the distribution dynamics such that a terminal condition is observed. Assume again we have a
stochastic process generated by the diffusion SDE ()

First, we introduce the concept of a generator of a diffusion

13.5.1 Generator of a diffusion

Definition: Let f(X(t)) be a smooth function and let X(¢) = x. The infinitesimal generator
of f(X) is a function G[f](t,z) ,

dE[f(X(1))|X(t) = x]

Glf)(t,a) = — -
o HAX(+ AO)IX () = 2] — f(@)
At—0 At
_ E[AfX(0)|X(1) = a]
dt

The generator is defined for every time, ¢, and is conditional on the realization value at time ¢,
x, that is X(t) = .
The generator of a function f(X) of the diffusion,

dX(t) = p(X(t))dt + o (X (£)dW (t)

conditional on X (¢) = x is the function

Glf(6e) = fol@u@) + 3002 @), 20,

We can prove this by just using the Itd’s formula.
The generator of a diffusion (over an It6 process), for a differentiable function of a diffusion,
allows us to find a directional derivative of f averaged over the paths generated by the

diffusion.

13.5.2 Kolmogorov backward equation

The Kolmogorov backward equation allows for the determination of the probability that the state
of the process is x € X, X(t) = =z, if the value of the process belongs to a target set ¢, at time
T>t.

We denote the hitting probability by ¢(t, x)

q(t,x) = PIX(t) = 2| X(T) € ®r]
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when X (t) follows a diffusion process () The probability distribution ¢(-) satisfies the

Kolmogorov backward (KB) equation
1
Qt<ta ‘T) = —G[Q] (t,.’E) = _Qz<t’ I)H(l‘) - §U<$)2qmr<t’x)7 for ¢ € (07T>7 (1321)

which we want to solve together with with the terminal condition specifying the conditional

terminal probability distribution

o(T,7) = {QT(ZJ) %fy € ¢r
0 ifxp & op.

where ¢ (+) is a known mapping ¢, : X — (0,1) such that J;z qr(y)dy = 1.

Example Let dX(t) = odW (t). The backward FPK equation is

2

q(t,x) = —% Gy (t,x), for 0 <t <T

In order to determine the backward probability we consider two different terminal conditions.
First let X(T') = x4 where x is a known number. To obtain the probability distribution ¢(¢, x)
we have to solve the well posed backward parabolic PDE problem

0(t7) = =% q,(tz), 0<t<T
Q(Ta $> = 5(56 - xT)’ t="T.

The solution is
—(7 — xT>2
e 202(T—1)
q(t,x) = —————=, for 0<t < T,

o\27 (T —t)
and is illustrated in Figure panel (a).
Second, let the terminal distribution be gp(z) = e " /y/7. Then q(t, ) is the solution we have

to solve the problem
q,(t,x) :—"72 Ger(t,z), O0<t<T
o(T,2) = e Jy/7,  t=T.

The solution is

e 1+202(T —1t)

o\1+27(T —1)

and is illustrated in Figure panel (b).

q(t,z) = ,for 0<t<T
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Figure 13.2: Backward FPK for o = 0.1

13.5.3 The Feynman-Kac formula

The Feynman-Kac formula allows us to determine the probability distribution, at time 0 <t < T,

conditional on a known terminal distribution, at time 7', for the realization of a diffusion process

(X())se0,17 solving equation (), when there is a discount factor with discount rate f(X(¢)).
Let v(t,z) be the probability at time ¢ for a realization X(t) = x. Assume that the function

v(t, z) is the solution for the partial differential equation boundary value problem

v(t,2) = —Gl(t, ) + f(z)v(t,z), 0<t<T (13.22)
o(T, X(T)), r |

where v(T', X(T')) is known, f(.) is a known function and

1

Glo)(t, @) = vy (@)p(x) + 50(2)*v50(2)

is the infinitesimal generator of v(.).
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Proposition 6. The solution to the PDE problem () is the Feynman-Kac formula:
T
ot z) = E [ o(T, X(T))e~h TX6Nds | x (1) = 2] . (13.23)

Then v(t,z) is the present value of a terminal value v(T,X(T)), discount at rate f(X(t)),

conditional on having X (t) = x.
Proof. Let us write the discounted probability distribution V (t) = V (¢, X(¢)) where
Vi(t, X (1)) = v(t, X(2))H(t),

where H(t) = e ) = ¢~ [ 5Xmdr ang x (t) is driven by the diffusion process . Next, we want to
obtain the terminal value V' (T'). First, because dZ(t) = f(X(t))dt then

dH(t) = —H(t)dZ(t) = —H(t) f(X(t))dt.
Second, as v(t, X(t)) depends on the diffusion equation ()

du(t, X(t)) =v,(t, X(t))dt + v, (t, X(t)) dX(t) + %vm(t,X(t)) (dX(1)?* =
= (00 X00) 06, XX 0) + G000 (0 X ) (X(0))?) i

+ (v, (8, X(2))o (X (1)) dW (1) =
=v(t, X(1)) f(X(2))dt + v, (¢, X (2))o (X (¢))dW (¢)

from the PDE in () Third, using the It6’s product rule, the previous derivations and It6’s
multiplication rules, writing v(t) = v(t, X(¢)) and f(t) = f(X(t))

dV (t) = H(t)dv(t) + v(t)dH(t) + do(t)dH (t) =
H(t) (u(t) f(£)dt + v, (o (t)dW (£)) — v(t)H () f(£)dt + 0 =

= H(t)v,(t)o(t)dW (t).

Integrating forward from ¢, yields
T T .
V(T)=V(t)+ / dV(s) = V(X(t)) + / el SXONMTy (5 X (s))o(X(s))dW (s)
t t
the initial value plus an It6’s integral. Therefore, the expected value conditional on X (t) = z is
E[V(T)|X(t) =a] =E[V()X(t) =]

Seeing v(t,x) as an unconditional expected value v(t,z) = E[V(X(¢))|X(t) = z] and using the
expression for V(T) = v(T, X(T))H(T) we have the Feynman-Kac formula ([L3.23). O

Observe that v(-) does not need to be a distribution. If there is no discounting and v(T) is a

distribution the Feynman-Kac formula is equivalent to backward Kolmogorov equation.
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Chapter 14

Linear scalar stochastic differential

equations

14.1 Introduction

Forward scalar linear stochastic differential equations (SDE) are equations of the form
AX (1) = (g 1) + py (8) X (1)) dt + (00 (1) + 0, (1) X () ) AW (2). (14.1)

where X (0) = z, is a known constant, and p(+), (), 0¢(-) and o¢(+) are known functions and
(W(t»te& is a standard one-dimensional Wiener process, and therefore, a non-anticipating process.

In this chapter we provide explicit solutions, and their properties, to autonomous equations,
which are the simplest linear SDE’s. We will present closed-form solutions for several versions
this equation, and characterize their sample path statistical properties and some discussion of its
geometrical content.

We can compare those solutions with the analogous (deterministic) autonomous ODEs

dy(t) = (o + py y(t)) dt
we saw that the solution is

— b0 4 (y(0) + L2y et ifpg # 0and gy #0

My
0)errt) if uy = 0 and 0
(1) = y(0) | Ho 1 F (14.2)
y(0) + po t, ifpug #0and p; =0
y(0), if prg = py =0,

for every t € T. We saw that: (1) if gy < 0 the solution is asymptotically stable, such that
lim, . y(t) = —Z—(l’; (2) if p; > 0 or if p; = 0 and p # 0 the solution is unstable; (4) the solution
is stationary if py = py = 0.

We can compare those results with the solutions of a linear SDE. In section we present
the solutions to several linear equations. In section ??7 we present the general solution to non-

autonomous equations. Section provides some applications to economics and finance.

28
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14.2 Autonomous equations

In this section we consider the linear autonomous forward SDE,
dXﬁ):Qm+¢ﬁX@Ddh+®b+ayX@0dWKw. (14.3)

in which the coefficients are known constants. We assume a known initial value X (0) = x,.

Next we present the explicit solutions, and the first and second moments of the solutions. With
a view to comparing with the deterministic ODE, we discuss in the stochastic dynamic properties,
that is, the asymptotic statistic properties of the solutions.

14.2.1 Brownian motion

The Brownian motion is the usual name of a process (X (t),t € R, ) generated by the It6 SDE
dX = pdt +cdW(t), t € R, (14.4)

with X(0) = 2, € R and ¢ > 0. This is a special case of equation () with p; = oy = 0 and

o = p and oy = 0.
Proposition 1.  The solution of equation (), given X (0) =z is

X(t)=zog+pt+oW(t),as. for teR,.

Proof.  Writing X (¢) in the integral form, yields

X@—X@+/%M$
0

=z ds odW (s
o+/OM +/0 W(s)
— o+t +o (W(H)—W(0)

=¢+put+oWi(t)
because, form the properties of the Wiener process, W(0) = 0 a.s. O

Figure presents one sample path, in subfigure (a), and 100 sample paths, in subfigure (b),
for the case in which y = —0.5 and o = 1.

The probability distribution p(t,z) = P[X () = z|X(0) = x,] was already derived in chapter
77, see equation (),

1  (z—zg—pt)?

e 27t (t,x) e Ry xR,
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Figure 14.1: Sample path for the Brownian process for p = —0.5 and o = 1.
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Properties The first and second moments are linear functions of time
E% [X(t)] =E[ X(#)|X(0) =z, = /Ooxp(t,a:)dx =xy+ut, te R,
V¥ [X (1) = V[ X(t)|X(0) =2y = /OO (x — E[X ()] )Qp(t,:c)dx =o%t, t ER,.
We observe that the process is not ergodic, because
lim E*o[X (¢)] = lim V¥o[X(¢)] = 400

t—o0 t—o0

if u#0and o # 0.
Observe that the solution of the skeleton

(14.2)).

dx(t)
dt

= u, given x, is x(t) = zy + pt (see equation

14.2.2 Geometric Brownian motion

The geometric Brownian motion is the usual name of a process (X(t))
SDE

teR, generated by the Ito

dX(t) =pX(t)dt+ o X (t)dW(t), t € R,. (14.5)
This is a special case of equation () with py =09 =0and py = p and o; = 0.

Proposition 2. The explicit solution to equation (14.5) where P[X(0) =z, =1 is

X(t) = xoe(“_%)tJrJW(t), a.s. for teR,. (14.6)

Proof. Let Y(t) =1In X (t). Using It6’s formula

4y (t) = X1<t)dX(t) +3 <_X<1t>2> (X (6)? = d))((((;;) L

= (p— = )dt + odW (1)

Then,
Y(t) = dY (s) = —U—st tadWs
0=y + [ ) =90+ [ =T+ [ oawis
o2
= y(0) + (u— ?)HaW(t)
Therefore,

2

In X(t) = Inag + (u— 2) t+ oW (t)

Y (t) A

and, because X (t) = e"'¥, equation (]14.6) is obtained. O
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To find the probability distribution p(t,z) = P[X(¢) = x|X(0) = z,] we solve the Fokker-
Planck-Kolmogorov (FPK) equation

0 1 02
&p(t,x) =~ (nxp(t,z)) + 3 522 (0222 p(t,z)) for t>0
p(0,24) = 0(z — ), where ;>0 for t=0.

The solution to this problem only exists for positive values of the state variable x € X = R,
and it is )
(In(z/20) — (p— 30°%)t)
20t Jfor (t,z) € R2. (14.7)

1 —_

e
roV 2t

p(t, l') =

To prove this result, expanding the FPK equation yields
o, 2 2
atp(ta 1‘) = ? T axxp(t7$) + (20 _/'L):L'axp(tax) + (U —M>p(ta$)-

We write the independent variable as a mapping z : R, — R, as = e* and write a transformed
probability distribution u(t, z) = p(t,2(2)). As d,u(t, z) = O,p(t,x(2)), O,u(t, z) = O p(t, x(2)) x(2)
and 0, u(t, z) = 0,,p(t,x(2)) x(2)? + 9,p(t,z(2)) z(2) the FPK equation, over p(t,z), is equivalent

to the linear parabolic autonomous and homogenous parabolic PDE over u(t, 2)

2
3
Oyu(t,z) = % 0,,u(t, z) + (502 — u)@zu(t, 2)+ (2 —p)u(t,z), (t,2) €R, xR

u(0,2) = d(z —In (z)) (t,z) e {t =0} xR.

Using the results for the linear parabolic PDE (in the unbounded spatial domain) the solution is

u(t,z) = [ d(s—1In(zy)) g(t,z—s)ds =g(t,z—1In(z))

where

0.2

exp{ - (6*(#*7 ))2 —g}.

t.&) =

Transforming back to the original variable we have p(t, z) = u(¢,In (x) —In (z4)) = g(¢,In (z/z,))

yields equation ()
Therefore, the geometric Brownian motion has the moments

E*o[X(t)] = zoett, t € R,

Voo X (t)] = ade?t (7t —1), tER,.
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Properties In Figure we plot one sample path and several sample paths for the linear
diffusion equation where y < 0 and o > 0 and in Figure for the case in which p > 0. We see
that in the first case the paths converge to lim, , . X(¢) = 0 and in the second case they diverge.

From the moment expressions, we see that:
o if u <0, for any o # 0, then lim, , E[X(¢)] = lim,_, V[ X(¢)] =0

o if 4> 0, for any o # 0, lim, ,  E[X(t)] = sign(z,)oo and lim, ,  V[X ()] = oo.
dx(t)

= px(t), that is
X = x = 0 is an absorbing state, meaning that, although the model is stochastic, all the

In the first case, i.e., when pu < 0 the steady state of the skelleton

trajectories converge to a (measure zero) point. This is the case because the variance tends to zero
asymptotically, which means that all the mass of the distribution will be concentrated at point
r=0¢eX

Intuitively, we can say that the steady state is a degenerate distribution.

14.2.3 Ornstein-Uhlenback processes

An Ornstein-Uhlenback, or mean-reverting, process (X(t))
It6 linear SDE

is generated by solution to the
teR,

dX =6 (p—X)dt+odW(t). for t € R, (14.8)
This is a special case of equation () with pg =0p, py =—6, 0y =0 and o, = 0.
Proposition 3.  The solution to equation () such that P[X(0) = x| =1 is

t
X(t) = u—i—e‘at(:ro —,u,—l—a/ efs dW(s)), a.s for te R,
0
Proof.  Introduce the change in variables Y (t) = X (t) e%. 1t6’s formula yields
dY (t) = 0 X (t) e dt + e d X (t)
=0X(t)e% dt + e (0 (u— X(t)) dt +odW(t))
=% (Qudt + odW (t)).

Integrating over time we have

t t
Y(t) =y, + Qu/ e ds + O’/ 95 dW (s).
0 0

Transforming back to the original variable, by making X (t) = e %Y (¢) and z, = y,, we obtain
the solution to the It6 SDE ()

t t
X(t)=e (yo + H,u/ e%ds + O’/ egde(s))
0

= 9t+ue*9t +U/ o(t— de )
0
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O
By using the Kolmogorov forward equation (or Fokker-Planck) we find the probability dis-
tribution p(¢,x) = P[X(¢) = z|X(0) = z,], by solving the problem

aatp<t’ T) = _(fsc (0 (n—2x)p(t, l‘)) + % 88; <Up(t, x))

p(0,2) = 6(z — z)
The solution to this problem is
2
(x—p—(xg—p)e ™))
2 -3 02 (1 _ ,—20
p(t,x) = (27T%<1—6_29t)> e 2% (1—e2) , (t,x) e Ry x R

NI

Therefore, the conditional expected value and variance, for P[X(0) = 2] = 1 are
B0 [X(1)] = p+ (zg — p)e™®
and
o
Voo [ X(t)] = — (1 — e 2%).
[ X(t)] = 25 (1= )
The properties of the sample paths and of the statistics depend on the sign of §. Again, assuming
that o # 0 we have the following cases:

e if 8 > 0 then the process is ergodic

lim E% [ X(t)] =

t—o0
. o?
dim Ve LX) = 55

and it is asymptotically Gaussian, because

. o
Jim X0~V (.55

o if 6 <0 then lim, ., E% [ X(¢)] = (x; — p) oo and lim, , o V*o [ X(¢)] = o0
Observe that the skeleton

has the solution
a(t) = p+ (rg —p)e
which is asymptotically stable if 6 > 0.
The sample paths for the case 8 > 0 are illustrated in figure : we see that they converge in
average to X (t) = u, however this value is not an absorbing state. This can be understood from
the fact the variance tends asymptotically to a positive finite value. Therefore, the solution of the

OU process is ergodic: it will not be attracted to an absorbing state but will stay close to a finite
value.

Intuitively, we can say that the steady state is a non-degenerate distribution.
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Orenstein-Uhlenbeck process
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14.2.4 The linear autonomous SDE

Now consider equation the general linear It6-SDE ([14.3). If P[X(0) = x,] = 1 the explicit

solution is
X(t) = P(t) (mo + (pg —og01) /0 d(s)Lds+ o, /O P(s)t dW(s)) ,as teR, (14.9)

where ®(t) is the solution of the geometric Brownian motion
dP(t) = py @(t)dt + oy D(t)dW ()

and ®(0) = 1.

Exercise: prove this. Hint conjecture that X (¢) = ®(¢) Y(¢) , where ®(¢) follows the geometric
Brownian motion. Use the It6 formula to derive d X (¢). Match with equation ( ) to find a linear
SDE for the process dY (t). Solve this equation with the initial condition Y'(0) = z,. Use again the
transformation X (t) = ®(¢) Y(¢) to find equation ()

The conditional probability p(t,z) = P[X(t) = x| X(0) = z] is the solution of the FPK equation

{atpoe, 2) = =0, (o + m 2 p(t,2) ) + 3 0, (00 + o1 2) plt,2) ), (8,2) €R, xR
p(0,2) = d(x — xy), (t,x) € {t =0} xR.

It can be proved that the conditional moments are

Ero[X(8)] = =20 4 et (g + £0),

241 Hq
and
(109 — poo1)? | (po + By ) e’ o1 (oo — p10p)
Vo[X(1)] = — <e“lt(u + pq o) + 2 )+
12 (2u + 02) 12 0o py + o}
6(2#1+J%)t

2 2 2 2 2 2
+ (1 +02) (20, +09) ( po(po + 90y) + 05 (py + 07) + 2(xg + po)ogoy (201 +07)+

+ 2 +03) (2 +0?) )

If 11; < 0 then the first moment is asymptotically finite:

lim E[X(¢)] =20

t—o0 Hq

However, if p; < 0 is sufficiently large in absolute value, such that p; + o7 < 0, which implies

2, + 0% < 0, and then the process is ergodic because in this case

_ 2
lim VX (1) = — 1% =Moo
t=o0 pi (2py +07)
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14.2.5 Stochastic dynamic properties of the linear autonomous SDE

From the perspective of the asymptotic dynamics, the following qualitative stochastic dynamics

can be expected from a general linear autonomous It6-SDE, equation ()

1. if py + 0?2 < 0 and p; 0g — py0; # 0 the process is ergodic and tends asymptotically to a
Ho _(Nl 0o — 1101)°
g 2+ o)

Gaussian distribution with positive variance N ( — ), which is a steady

state non-degenerate distribution;

o which is

2. if py +0f < 0 and py 0y — p10; = 0 the dynamic tends to absorbing state x = —
H1

a deterministic steady state

3. if gy + 02 > 0 the equation tends to an unbounded distribution in which both moments are
asymptotically unbounded. However, the expected value will converge asymptotically to an

exponential with growth rate p;
lim E[X(#)] < lim et1?
t—o00 t—o0

and the valiance will also converge asymptotically to an exponential with growth rate 2 i, +02

lim  V[X(t)]  lim e2ritort,
t—o0 t—o0

14.3 The general linear SDE: the non-autonomous case
The general linear SDE has the form
dX = (po(t) + py (0) X (1)) dt + (00(t) + 04 (t) X)dW(2)

where X (0) =z, with P[X(0) = z,] = 1, has the explicit solution

X(t) = a(1) ( " / B(5) (o (3) — o)y ())ds + / <I><s>—1ao<s>dw<s>>
0 0
where ®(t) is the solution of
dB(t) = 1y (DB(8)dt + (1) B(£)AW (2), for t € [0,0)

and ©(0) = 1.

14.4 Economic applications
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14.4.1 The Solow stochastic growth model

Several papers, starting with Merton ([1975) and Bourguignon (1974) (see (Malliaris and Brock,
1982, ch. 3)) study the stochastic Solow model.
Assume that population follows the SDE

dL(t) = pLdt + o LdW (t)

where p is the rate mean rate of growth of population and ¢ its variance.
The equilibrium equation for the product market is
dK(t)
S dt
where F(.) has the neoclassical properties (increasing, concave, homogeneous of degree one and
Inada). We define the capitai intensity as usual k = K /L. Then F(K,L) = Lf(k). and

= sF(K,L)

dK = sLf(k)dt

We can write k = k(K /L). Then ky = 1/L, k;, = —K/(L?) , kigpe =0, kg = ki = —1/(L?)
and r;; = 2K /(L?). Then, applying the 1t6’s Lemma

dk = kgdK + kK dL+ % (kxr(dK)? + 2k dKdL + k1 (dL)?)
= sf(k)dt — k(pdt + cdW) + % (—sf(k)dt(udt + odW) + 2k(pdt + cdW)?)
Using (dt)? = dtdW (t) = 0 and (dW (t))? = dt then we get the SDE
dk = (sf(k) — (n — o?)k) dt — kadW (t) (14.10)
For a Cobb-Douglas function we have
dk = (sk* — (u— o?)k) dt — kadW (t)

where 0 < a < 1. Figure present one replication, in subfigure (a), and 100 replications,
subfigure (b), for this equation for a deterministic initial value k(0) = k,

The stationary distribution for the capital intensity is (see Merton (1975) and (Malliaris and

Brock, 1982, p. 146)
k . 2
p(k) = U;r;Q exp (2 / S 02(g2 7 d§>

where m is chosen such that LOO p(k)dk = 1. For the Cobb-Douglas case it isfl

2 2s
p(k) = mk72u/o' exXp ((1-0()0‘21{2(100 )

if 2 4 > 2. The asymptotic distribution is depicted in Figure subfigure (c).

IFor this case
—1 —
11—«

1 ((1—@)02

7 (g

m

2u — o2
1—a)o?

where ¢ = and I'(-) is the Gamma distribution.
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14.4.2 Derivation of the Black and Scholes (1973) equation

Assume that there are two assets, a risk free asset, with value B(t), following the process
dB(t) = rB(t)dt,
and a risky asset, with value S(t), and following the diffusion process
dS(t) = uS(t)dt + aS(t)dW (t).

The current prices of both assets, B(0) and S(0) are observed.

An European call option is a contract offering the option (but not the obligation) to buy, at the
expiration time T > 0, the risky asset at a price K. A purchaser would have an interest to exercise
the option only if the price of the risky asset at time 7', S(T), is higher than the exercise price. If
K < S(T) the purchaser would not exercise the option.

Let V(S,t) be the value of the option on the risky asset at time ¢, for 0 < ¢ < T'. The value of
the option at time of the exercise T is dependent of S(7T') and is

V(S,T) =max{ S(T') — K, 0}.

However, the contract would only be possible if there is a payment at time ¢ = 0, otherwise the
writer would have no incentive in offering the contract. What would be the price of the option at
the moment of the contract, i.e., at time ¢ = 0, V(5,0) ?

Using the It6’s formula we obtain the process for the value of the option
1

=V, (S,t)dt + V,(S,t) (uS(t)dt + oS(t)dW (t)) + %VSS(S, t)o2S(t)%dt =

= (V(8,0) + HSWVL(5,0) + 30*SWPV,,(,0) ) de+ oS0V, (S, 0)aW (1),

The market data also allows us to obtain a valuation, if we assume that there are no arbitrage
opportunities. If the markets are complete, the yields generated by the option can also be
generated by the yields of a portfolio composed by the available assets with the same value. We
call this portfolio the replicating portfolio.

The replicating portfolio is composed of 6 units of the risky asset and (1 — 6) units of the risk

free asset such that
VT(B(t),S(t)) = (1 —0(t))B(t) + 6(t)S(t), for every t € [0,T]
Using the It6’s formula, we have

AV (B(t),S(t)) = (1 — 0)dB + 0dS =
= (1— 0)rB(t)dt + 0S(t) (udt + cdW (t)) =
= (rV"(B,S) + (—1)S(t)) dt + 05S(t)dW (t).
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In the absence of arbitrage opportunities we should have dV'(S(t),t) = dV(B(t), S(t).
Matching the diffusion and the dispersion components of the two differentials for the option

and the replicating portfolio values, yields

0o S(t) = aS(t)V,(S,t)
rV(B,S) + (n—1)S(t) = V,(S,t) + uS()V,(S,t) + 50%8(t)*V (S, 1)
From the first equation we obtain the weight of the risky asset in the replicating portfolio com-

position
0(t) = Vi(S,1).
After setting V(S,t) = V"(B,S), we obtain from the second equation the Black and Scholes
(1973) PDE,
2
Vi(S,8) = =-S5V, (S,1) = rSVL(S,8) + 1V (S,1),
which is backward semi-linear parabolic PDE.

The value of the option, and in particular its price V(S,0) is the solution of the following option

valuation problem:

V,(S,t) = —“22521/38(5,@ —rSV(S,1) + 1V (S,1),  (S,t) € (0,00) x [0,T]
V(S,T) = max{S — K,0}, (S,1) € (0,00) x { t =T

(14.11)

We show in the PDE chapter that the solution of the option valuation problem is
V(S.t) = S(d, (1)) — Ke " T-0D(d_(1)), t € [0,T]
where ®(-) is the Gaussian distribution function (see the Appendix) and

5(0) CNrE
a() = ;?)1—(1;?( %)

The price of the option is
V(8,0) = 5(0)®(d,(0)) — Ke ™" ®(d_(0)),

with 2
In(S) + T (r % %)

oVT

where S(0) is observable at time ¢ = 0, K and 7" are specified in the option contract and r and

d+(0) =

o are estimated or conjectured.

14.5 References

o Mathematics of SDE’s: Karatzas and Shreve (1991), @ksendal (2003), Pavlioti§ (2014)
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Very useful hands-on introduction to SDE: bérkké and Solin| (bOld) Explicit solutions:
lKloeden and Platen| (|199ﬂ) and k}ardineli (fZOOd)

Dynamic systems theory and SDE’s: |Cai and Zhul (l2017|)

o Numerical analysis of SDE ()

Application to economics and finance: |Malliaris and Brockl (|1982|), lDiXit and Pindyckl (|1994|),
|Cvitanic’ and Zapatero| (l2004|) , Btokeyl (bOOd)
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